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LYAPUNOV BALANCING FOR PASSIVITY-PRESERVING
MODEL REDUCTION OF RC CIRCUITS

TIMO REIST AND TATJANA STYKEL?

Abstract. We apply Lyapunov-based balanced truncation model reduction method to differen-
tial-algebraic equations arising in modeling of RC circuits. This method is based on diagonalizing
the solution of one projected Lyapunov equation. It is shown that this method preserves passivity
and delivers an error bound. By making use of the special structure of circuit equations, we can
reduce the numerical effort for balanced truncation drastically.
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1. Introduction. As very large system integrated (VLSI) technology advances,
minimum feature size in chips decreases and speed of operation increases. Conse-
quently, additional effects like transmission and heat conduction have to be incorpo-
rated to achieve an accurate model. This usually leads to a system of differential-
algebraic equations (DAEs) involving up to ten million or even more unknowns. Simu-
lation of such models is mostly impossible or, at least, unacceptably time consuming
and expensive. In recent years, model order reduction has been recognized to be
a powerful tool in modeling and simulation of complex technical processes in many
application areas including VLSI design [3}/5,/34].

A general idea of model order reduction is to approximate a large-scale system by
a much smaller model that captures the input-output behavior of the original system
to a required accuracy and also preserves essential physical properties such as stability
and passivity. Especially, the preservation of passivity allows a back interpretation of
the reduced-order model as an electrical circuit which has fewer electrical components
than the original one [1},28,(16].

A successfully applied model reduction method is PAssivity-preserving Balanced
Truncation for Electrical Circuits (PABTEC) [30,29]. This method is based on ba-
lancing the solutions of projected Lur’e equations, a generalization of algebraic Ric-
cati equations. Despite the preservation of passivity and reciprocity, it also provides
a computable error bound. However, the numerical solution of the projected Lur’e
equation is still challenging, especially in the large-scale case. Under some topologi-
cal conditions on circuit configuration [30], this equation can be written as the pro-
jected Riccati equation that can be solved iteratively using Newton’s method [29]. In
each Newton iteration, a projected Lyapunov equation has to be solved. In contrast,
Lyapunov-based balanced truncation [14135] is much less exhausting from a numerical
point of view, but, in general, it does not guarantee the preservation of passivity in
the reduced-order model. Some passivity-preserving modifications of Lyapunov-based
balanced truncation for general RCL circuits have been presented in [33}/43,4445].
However, no error bounds are available for these methods.
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For circuits of practical relevance, the number of resistors and capacitors by far
exceeds the number of inductors. One of the reasons for this is that parasitic thermal
effects are usually modelled by large-scale equivalent RC circuits consisting of resistors
and capacitors only [27,/41,/42]. The oftentimes occurrence of such circuits makes it
worth to further analyse and exploit their additional topological structure for model
reduction. In this paper, we present Lyapunov-based balanced truncation model order
reduction methods for RC circuits that preserve passivity in a reduced-order system
and provide computable error bounds. In particular, we make gaining use of the
graph-theoretical nature of the circuit equations for an essential improvement of the
numerical efficiency of these methods.

Model order reduction for RC circuits was previously considered in [8,/46}38].
Motivated by Gaussian elimination that can be used to determine the conductance of
a resistive circuit, the work [38] extends this method to the case of RC circuits, where
approximation consists in performing an elimination step at a fixed given frequency.
This method does not deliver error bounds and it is expectable that the approximation
is only good in a local frequency interval. Balanced truncation is applied to RC circuits
in [8,/46]. However, these methods require the system model to be an asymptotically
stable ordinary differential equation which is equivalent to the rather strong condition
on the circuit that any two nodes are connected by a resistive path and a capacitive
path. Note that the model reduction methods presented in this paper are applicable
to a by far larger class of RC circuits.

Krylov subspace methods like PRIMA [25] or SPRIM [11] are another passivity-
preserving model reduction techniques widely used in circuit simulation. Although
these methods are efficient for very large problems, they lack of error bounds and
provide a good local approximation only.

The paper is organized as follows. In Section [2| we review the basic framework
of linear circuit theory and discuss some special properties of RC circuit equations.
In Section [3} we consider some transformations of such equations that will be used
in model reduction. Section [f] deals with a special class of symmetric descriptor
systems. General properties of such systems are highlighted and their structure-
exploiting Lyapunov-based model reduction is introduced. These results are then
applied to RC circuits in Section Finally, in Section [6} numerical examples are
given.

Throughout the paper R™™ and C™™ denote the spaces of n x m real and com-
plex matrices, respectively. The open right half-plane is denoted by C, and i is the
imaginary unit. The matrices AT and A* denote, respectively, the transpose and the
conjugate transpose of A € C™™. An identity matrix of order n is denoted by I, or
simply by I. We denote by rank A, im A and ker A the rank, the image and the kernel
of A, respectively. Further, for A € C™™, we write A > 0 (A4 < 0) if A is Hermitian
and positive (negative) semi-definite. The Euclidean vector norm and the spectral
matrix norm are denoted by ||-||. Let H. be a space of all functions that are analytic
and bounded in C,;. The Hy.-norm of G € H, is defined by

1Glla,. = sup |G(s)] = lim sup||G(o +iw)]|.
s€CH 20 weR

o >0

2. Equations of RC circuits. We aim to set up the RC circuit equations as
a system of DAEs

=
-
—~
=

I

Ax(t) + Bu(t), 2.1)



LYAPUNOV BALANCING FOR RC CIRCUITS 3

with E,A € R™" and B,CT € R™™. Such a system is known also as descriptor
system. The number n is called the order of , and m is the number of inputs and
outputs.

A general electrical circuit can be modeled as a directed graph whose nodes cor-
respond to the nodes of the circuit and whose edges correspond to the circuit ele-
ments [6[7]. Let ny, n, and n; be the number of nodes, edges and loops of this graph,
respectively. Moreover, let j(t) € R™ be the vector of currents and let v(t) € R™¢
be the vector of corresponding voltages. Then Kirchhoff’s current law [7] states that
Agj(t) =0, where Ag € R"®"¢ is an all-node incidence matriz, i.e., Ag = (ag;) with

1
ag; = —1, if edge [ enters node k,

if edge [ leaves node k,

)

0, otherwise.

Furthermore, Kirchhoff’s voltage law [7] states that Bov(t) = 0, where By € R"(""¢
is an all-loop matriz, i.e., By = (by;) with

1, if edge I belongs to loop k£ and has the same orientation,
by = < —1, if edge [ belongs to loop k and has the contrary orientation,

0, otherwise.

The following proposition establishes a relation between the incidence and loop mat-
rices Ay and By.

PROPOSITION 2.1. [6| p. 213] Let Ay € R"™ ™ be an all-node incidence matriz
and let Bg € R"™ be an all-loop matriz of a connected graph. Then

ker By :imAg, rank Ag = n, — 1, rank By =n, — n, + 1.

We now consider the full rank matrices A € R"#~1ne and B ¢ Rre nntlmne
obtained from Ay and By, respectively, by removing linear dependent rows. The ma-
trices A and B are called the reduced incidence and reduced loop matrices, respectively.
Then the Kirchhoff laws are equivalent to

Ajt)=0, Bu(t)=0.

Due to the relation ker B = im A7, we can reformulate Kirchhoff’s laws as follows:
there exist vectors n(t) € R"»~1 and «(t) € R~ "1 such that

J)=BTu(t), o) = ATn().

The vectors 7(t) and ¢(t) are called the vectors of node potentials and loop currents,
respectively. We partition the voltage and current vectors

v(t) = [vg (), vg (1), vr (), v (O], 5(t) = [5E (), Jx (8), 51 (), Jp()]"

into voltage and current vectors of capacitors, resistors, current and voltage sources of
dimensions n¢, ng, nz and ng, respectively. Then the branch constitutive relations
for linear capacitors and resistors are given by

je(t) = Coc(t),  vg(t) = Rjg (D),
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where C € R*¢"c and R € R"® "R are the capacitance and resistance matrices,
respectively. Furthermore, partitioning the incidence and loop matrices

A:[AC7 AYO AI, Av], BZ[Bc, BK’ BI, B‘V]

according to the block structure of v(¢) and j(¢) and defining the input and output
vectors as

Jz(t) —vz(t)
u(t) = ) y(t) = . ) (2.2)
vy(t) —Jjy(t)
we can formulate the RC circuit equations in two different ways:
e Modified Nodal Analysis (MNA)
5 ACAL 0 = —Az R A% —Ay
0 o’ AL, 0 |’
(2.3)
—-Ar 0 t
B=| " e A )
0 I Ju(t)
e Modified Loop Analysis (MLA)
0 0 O —BRKB;Q —Br —Bz1
E=10 C o0, A= Bf 0 0o |,
0 0 O BY 0 0
(2.4)
0 —By u(t)
B=|0 0 | =0T, z(t) = |ve(t)
I 0 vz (t)

For both systems, the number of inputs is m = nz + ng. The order of the MNA
system , is n =ny — 14 ngy, whereas the MLA system , has the
order n =n, —ny, +1+ne + nz.

We now give our general assumptions on the considered RC circuit.

(A1) The circuit does not contain cutsets consisting of current sources only.
(A2) The circuit does not contain loops consisting of voltage sources only.
(A3) The matrices C and K are symmetric and positive definite.

Assumption (A1) is equivalent to rank[ A, Ag, Ay ] = n, — 1, which is, on the
other hand, equivalent to rank By = nz. In terms of rank conditions, (A2) means that
rank Ay = ng or, equivalently, rank[ B, Bg, Br] = n,—n,+1. Assumption (A3) on
the capacitance and resistance matrices implies that the circuit elements store and,
respectively, dissipate electric energy. These three assumptions together guarantee
that for both and (2.4)), the pencil \E— A is regular [12], i.e., det(AE— A) # 0 for
some A € C, it is of index at most two [9] and all its finite eigenvalues are real and non-
positive. Moreover, (A1)-(A3) make sure that the MNA and MLA systems are both
passive, and, hence, they are stable [1]. Note, however, that the asymptotic stability
of with or are, in general, not guaranteed, since AE — A may have
generalized eigenvalues at the origin. For the asymptotic stability, some further circuit
topological conditions have to be fulfilled such as that the circuit neither contains
cutsets of voltage sources and capacitors nor loops consisting of current sources and
capacitors only [32].
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It should be noted that the MNA system (2.1)), and the MLA system (2.1)),
are equivalent in the sense that they have the same transfer function given by
G(s) = C(sE — A)~'B. This is the rational matrix-valued function that describes
the input-output relation of in the frequency domain. The transfer function G
is called positive real if it has no poles in C4 and G(s) + G(s)* > 0 for all s € C,.
Further, for a diagonal matrix Seyt € R™™ satisfying S2, = I, the transfer function
G is called reciprocal with the external signature Sey; if G(8) = Sext G(8)T Sexs for all
s € C. The following proposition characterizes the properties of the transfer function

of the descriptor system (2.1 with (2.3) or (2.4).

PROPOSITION 2.2. Consider an RC circuit satisfying assumptions (Al)—(A3)
and the system (2.1) with E, A, B and C either in the MNA form (2.3)) or in the
MLA form (2.4). Then the transfer function G(s) = C(sE — A)~'B is positive real
and reciprocal with external signature Sexi = diag([nz, -1, q/),

Proof. For the MNA system (2.1)), (2.3)) this result was proved in [28]. Since the
MNA and MLA systems have the same transfer function, it holds true for (2.1)), (2.4))
as well. 0

Note that reciprocity means that the transfer function G has the following block
structure

Gz Gy

G = )
~-Gly Gy

(2.5)

where G77(s) = G77(s) € C"2" and Gwy(s) = Gay)(s) € C*v"v for all s € C.

3. Toying with circuit equations. In this section, we consider some useful
transformations of circuit equations and give their physical interpretation.

3.1. Frequency inversion. We introduce first a frequency-inverted transfer
function.

DEFINITION 3.1. Consider a descriptor system (2.1)) with a transfer function G.
Then a frequency-inverted transfer function is given by G*(s) = G(s™1).

The following theorem shows that G and G* are positive real at the same time
and both have the same H,-norm.

THEOREM 3.2. Let G : Cy — C™™ be a transfer function. Then the following
holds true:
(i) G is positive real if and only if G* is positive real;
(i1) G is reciprocal with the external signature Sexs if and only if G* is reciprocal
with the external signature Sext;
(i11) G € Heo if and only if G* € Hy. In this case, we have |G*||u., = [|G||n.. -

Proof. The results immediately follow from the fact that the mapping s + s~ is

a bijection from C; to Cy. |
We now present realizations of the frequency-inverted transfer function of the
circuit equations ([2.1) with (2.3]) and (2.4]).
THEOREM 3.3. Let an RC circuit fulfill assumptions (A1)—(A3) and let G be the

corresponding transfer function. Then the frequency-inverted transfer function can be
realized as G*(s) = C,(sE, — A,) ™1 B, with
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e frequency-inverted Modified Nodal Analysis (FIMNA)

0 0 0 —AgRTAT —Ac —Ay
E.=|0 C" 0], A= AL o 0 |,
0 0 0 Al 0 0 (3.1)
— Az 0
B,=| 0 o|=cT
0 I

or, alternatively, with
o frequency-inverted Modified Loop Analysis (FIMLA)

-lpr — T
g |BcC BE 0o, _|"BxRBg —Br
* ) * T ?
0 0 B 0
(3.2)
0 -B
B, = V| =T,
-1 0

Proof. The result for the MNA equations , was shown in [31]. The
statement for the MLA equations , can be proved analogously. |

For RCL circuits, the frequency inversion can be interpreted as an interchange of
capacitors and inductors.

3.2. Partial system inversion. Here, we consider the effects on the transfer
function when current sources are replaced by voltage sources and vice versa.
DEFINITION 3.4. Let a transfer function G be partitioned as in .
1. Assuming that Gz is invertible, a (1,1) partial inverse of G is defined as

Gr} G7;Gry ]

G(lvl) —
GG Gyy+ GGGy

(3.3)

2. Assuming that Gy is invertible, a (2,2) partial inverse of G is defined as

G(22) —

Grr + GI‘VG;/;/GIT’V _GIfVGfV;/] (3 4)

-1 ~T -1
epae G,

For RC circuits, the (1,1) partial inversion can be interpreted as the replacement of
all current sources by voltage sources, while the (2,2) partial inversion is equivalent to
the replacement of voltage sources by current sources. Indeed, from the input-output
relation in the frequency domain

[ —vz(s) } — y(s) = G(s)u(s) = [ G1z(s) Gry(s) } [ jz(s) } 7

—jp(s) —G7y(s) Goyls) vy (s)
we have
o] merol g ] [ eme Y]

Consider now the following strengthening of assumption (Al):
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(A1") The circuit does not contain cutsets of current and voltage sources.
The following theorem shows that assumptions (A1°), (A2) and (A3) together imply
the existence of G*? for the MNA system 7
THEOREM 3.5. Let an RC circuit fulfill assumptions (A1"), (A2), (A3) and let G
be the corresponding transfer function partitioned as in . Then the (2,2) partial
inverse of G exists and it is given by

_A%“

G (s) =
,Ag

(sACCAg+AKK71A£)71[—AI, —Ayl. (35)

Proof. 1t follows from (A1") that rank[Ar, Ag ] = n, — 1. This means that the
pencil )\ACCAg + ARK_1A£ is regular. Let

Gui(s) =AT (sA CAL + Ag R AR) 1A,
Gia(s) =AT (sA CAL + Ag R AR) 1A,
Gas(s) =AL(sACAL + Ag R AR) 1A,

Assumption (A2) implies that Gag is invertible. Then the representation (3.5) can be
obtained from ([3.4) using the relations

Gr1(s) = Gi(s) — Gi5(5)Gay (5)Gls(s),
Gry(s) =— G12(5)G§21(3)a (3.6)
Gy(s) = Goy(s).

If we replace (A2) with a stronger assumption that
(A2") the circuit does not contain loops consisting of current and voltage sources,
then one can show the existence of the (1,1) partial inverse of the frequency-inverted
transfer function G*.
THEOREM 3.6. Let an RC circuit fulfill assumptions (Al), (A2"), (A3) and let
G*(s) = C,(sE, — A,)"'B, be the transfer function of the FIMLA system with the
system matrices as in . Then the (1,1) partial inverse of G* exists and it is given

by

d

BT _ -t
(G*) D (s) = [ BT <SBCC 1B?+BRRB£) [Bz, Byl
v

Proof. The result can be proved analogously to Theorem a0

4. Balanced truncation for symmetric descriptor systems. In this sec-
tion, we consider balanced truncation model reduction of the symmetric descriptor
system that has the following special properties:

(P1) E,A e R"" with E = ET >0, A= AT <0 and ker E Nker A = {0},

(P2) B=CT e R™™.
Symmetric standard systems with £ = I, A = AT < 0 and B = CT were previously
studied in [21}/20]. We extend some results presented there to symmetric descriptor
systems, where both F and A are allowed to be singular. First, we collect some
important properties of such systems.

THEOREM 4.1. Let a descriptor system satisfy (P1) and (P2). Then the
following holds true:
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(i) The pencil \E — A is reqular and there exist a nonsingular matrix T € R™" and
a diagonal matriz A = diag(Ay, ..., \y,) with A, < 0 such that

M,,—A 0 0
TT(\E — A)T = 0 A, 0 |. (4.1)
0 0 -1,

(ii) The transfer function G(s) = C(sE — A)~'B of (2.1)) is positive real and recip-
rocal with an external signature Sexy = I, .

(iii) There exist symmetric and positive semi-definite Ry, ..., Ry, , Roo € R™™ such
that

G(s)=R oo—i-f-&-i

P (4.2)

(iv) The transfer function G € Hy, if and only if Ro = 0. In this case, we have
1Gla.. = [I1GO)]. (4.3)

(v) The transfer function G is invertible with G™! € Hy if and only if Rs is
invertible. In this case, we have

IG™ I = IR (4.4)

Proof.
(i) The assertion is a special case of the general results for Hermitian matrix pencils
in 37].
(ii) For s € C4, we obtain that

G(s)+ G*(s) = 2BT (sE — A)"*(Re(s)E — A)(sE — A)"'B >0,

and, hence, G is positive real. Furthermore, we have G = G7T, i.e., G is recip-
rocal with the external signature Sext = I, .

(iii) The additive decomposition immediately follows from (4.1).

(iv) The equivalence between G € H,, and Ry = 0 is a consequence of the repre-
sentation . In the case where Ry = 0, the maximum principle (4.3)) can be
shown analogously to part (2) of Theorem 4.1 in [21] for symmetric standard
systems.

(v) Tt has been shown in [47, p. 67] that G has an inverse G~ ' which is bounded
at infinity if and only if R, is invertible. In this case, lim, oo G~ *(s) = R
and, hence, |G |lu.. > ||[R<'||. On the other hand, for any w € C™ and any
s € C4, we have

*R s *R
IG()llllw] > w* G(s)w] = Re (w*Roow D D kw)
> w Rogw > || RLH| 7wl

Taking w = G~ '(s)w; for any w; € C™, we obtain that |G~ |u. < |[RZ|
Hence, the equality (4.4)) holds.
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|

The right-hand side of can be seen as a Kronecker normal form of the pencil

AE — A, see [13]. Therefore, the result (i) of Theorem [£.1] basically states that AE — A

fulfilling (P1) has semi-simple eigenvalues, its index does not exceed one and the

Kronecker normal form can be obtained by a congruence transformation. Using ,

we define an asymptotically stable part of G and a strictly proper asymptotically stable
part of G via

Ns

Pe(G)(s) = R + 3 - lf‘;k, Pss(G)(s) = Z - lf’;k. (4.5)
k=1 k=1

Since both Ps(G)(s) and Pss(G)(s) can be realized by descriptor systems satisfying
(P1) and (P2), Theorem [4.1] also gives rise to the relations

[Ps(G)llee = PG Ol 1Pss (@) [ = [1Pss (G)(0)]]- (4.6)

Remark 4.2. Roughly speaking, assertions (i) and (v) in Theorem mean
that the transfer function G attains a mazimum at zero frequency, whereas it has
a minimum at infinity. In analysis and design of analog filters |18], a system with
these properties is called low-pass. Note that a system with a transfer function G is
called high-pass if the system with the transfer function G* is low-pass.

Model order reduction for the descriptor system consists in the approxima-
tion of this system by a reduced-order model

Ei(t) = Ai(t) + Buf(t), (4.7)

where E, A e Rt B,CT € R4™ and ¢ < n. Balanced truncation for asymptotically
stable symmetric standard systems was considered in [20, Section 5.3]. On the other
hand, a projector-based approach for balanced truncation model reduction of asymp-
totically stable descriptor systems was presented in [35]. Here, we merge and extend
these two approaches to symmetric descriptor systems with a pole at the origin.
Consider a descriptor system satisfying (P1) and (P2). Let P € R™"™ be
a spectral projector onto the right deflating subspace of the pencil AE — A correspond-
ing to the negative eigenvalues and along the right deflating subspace corresponding
to the infinite and zero eigenvalues. Using such a projector can be represented as

I.. 0 0
P=T|0 0 ol7T .
0 0 0

Since E and A are both symmetric, the spectral projector onto the left deflating
subspace of A\E — A corresponding to the negative eigenvalues and along the left
deflating subspace corresponding to the infinite and zero eigenvalues is given by PT.
Then the projected Lyapunov equation

AXE +EXA+PT'BBTP=0, X=PXPT (4.8)

has a unique symmetric, positive semi-definite solution X, see [35] for details. Such
a solution is called the controllability Gramian of system (2.1]). Due to (P1) and (P2),
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the observability Gramian of (2.1]) coincides with X. Let L € R%™ be a full-rank
Cholesky factor of X = LT L and let

1 0

T _
LELT = [Uy, Us] [o 5,

} (U, Us]T (4.9)

be an eigenvalue decomposition of LELT > 0, where [Uy, Uz ] is orthogonal and

¥, =diag(o1,...,0.), Yo =diag(o,41,...,0q), (4.10)

012 ...20,>0p41 2> ...20g.

The values o; are the Hankel singular values of (2.1). Then a reduced-order model
(4.7) can be computed as

[ 0 o0 ~ [A, 0 0 ~ [Bs i
E=|0 I, 0 |, A=|0 0, 0 |, B=|By|=C%  (4.11)
0 0 0, 0 0 —I_ B

where A, = TTAT and B, = TT B with a projection matrix T = LTUlEflﬂ, and
the matrices By € R™"™ and By, € R"™ "™ are the full-rank Cholesky factors of
Ry = BI'B, and R, = BL B__, respectively.
Summarizing, we can formulate the following model reduction algorithm.
ALGORITHM 4.1. Balanced truncation for symmetric descriptor systems.
Given a descriptor system satisfying (P1) and (P2), compute a reduced-order
model satisfying (P1) and (P2).

1. Compute the matrices Ry, Roo € R™™ from the representation .

2. Compute the full-rank Cholesky factors By € R"™"™ and By, € R of
Ro = BI'By and R, = BL B, respectively.

8. Compute the projector P onto the right deflating subspace of the pencil \E— A
corresponding to the negative eigenvalues and along the right deflating sub-
space corresponding to the infinite and zero eigenvalues.

4. Solve the projected Lyapunov equation for a full-rank Cholesky factor L
of X =LTL.

5. Compute the eigenvalue decomposition (4.9)).

6. Compute a reduced-order system , with T = LTU12;1/2.

The following theorem establishes the properties of the reduced-order system
, and gives the H,,-norm error bound.

THEOREM 4.3. Let a descriptor system satisfy (P1) and (P2). Then
a reduced-order model (A7), also satisfies (P1) and (P2). Moreover, for the
transfer functions G(s) = C(sE — A)™'B and G(s) = C(sE — A)~'B, we have the

following error bound
|G = Gl <2(0ps1 + ...+ 0g) (4.12)

Furthermore, for all W € R™™  the asymptotically stable parts of the original and
reduced systems satisfy the inequality

IWIP(G)W |u., < [WTP(G)W||... (4.13)
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Prooi. Clearly, the system matrices in (4.11)) satisfy (P1) and (P2). The error

bound (4.12) is a consequence of the fact that G(s) = Re + s~ 'Ry + G4(s), where
G’S(s) is asymptotically stable and strictly proper. Then G — G € Hy, and it can be
estimated as in the standard balanced truncation method [14].

In order to show the inequality (4.13] -, we assume without loss of generality that
Ps(G) and Ps(G) are in balanced representation, i.e.,

R A A o

—A’{2 sl — AQQ BQ
Ps(G)(s) = R + BT (sI — A,)"'B,
Using the Schur complement based block matrix inversion formula [19, p. 46], we
obtain for the particular case s = 0 that
(WTP{(G)W) (0) = WT (Roe — BT A B, )W
+ WT(ALLATYB, + Bo)T (AL, A7 Ay — Agy) Y AL ATIB, + By)W
> W7 (Roo — BTA;'B)W = (WTP,(G)W)(0).

Due (4.6), the Hoo-norms of W7 Ps(G)W and WTP,(G)W fulfill the relations

IWTP(G)W |l = ||(WTP(G)W)(0)]],
[WEP(G)W |l = || (WTP(G)W)(0)]|

and, hence, the desired inequality holds. ]

It has been shown in [21] that the H-norm of a single-input-single-output (SISO)
system with E=1, A= AT <0and B =C" € R" is equal to twice the sum of
Hankel singular values. We will use this result to show that the error bound is
exact for symmetric SISO descriptor systems.

THEOREM 4.4. Let a SISO descriptor system (2.1) satisfy (P1) and (P2). Then
the transfer functions G(s) = C(sE — A)"'B and G( ) =C(sE — A)~'B of .
and the reduced-order model , fulfill

|G = Gllu., = 2(0rs1+ ...+ ay). (4.14)

Proof. Since G and G are the transfer functions of the descriptor systems satisfy-
ing (P1) and (P2), their strictly proper asymptotically stable parts admit realizations
by symmetric and balanced systems, i.e.,

Pss(G)(s) = BI(sI — A,)"'B,,
PSS(G)(S) BZ( AS)_1B87
with A, = AT <0, A, = flz < 0. These systems have the Gramians ¥ = diag(X1, X2)

and ¥ = 31, respectively, where ¥; and ¥, are as in 1) By making use of
Theorem 4.1 in [21], we get

q T
[Pss(G)llm. = 22 Ok, ||Pss(G) |, =2 ZO’k-
k=1 k=1
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Then, by construction of the reduced-order model (4.11]), we obtain
G — GHHOO = HPSS(G) - PSS(G)”HOC

q r q
> [|Pos(G) It = [Pos (@)l =2D 0k =2 01 =2 Y o
k=1 k=1

k=r+1

This estimate together with implies the desired result . |

Note that the assumption of single-input-single-output is essential for the exact-
ness of the error bound. This can already be verified by small examples. However,
as numerical experiments show, even in the multiple-input-multiple-output (MIMO)
case, the actual model reduction error is often close to the error bound.

5. Application to circuit equations.

5.1. RCI circuits. We consider first RCI circuits, i.e., we make the additional
assumption that the circuit does not contain voltage sources. In this case, the MNA

system is given by with
E=AqCAL, A=-AgR AL, B=-A;=CT (5.1)

and its transfer function G is the impedance matrix |1]. We now present an explicit
expression for the projector P. First, we prove the following result.

LEMMA 5.1. Let an RCI circuit fulfill (A1) and (A3) and let Z- and Zg be
full column rank matrices such that im Z, = ker Aig and im Zg = ker A?,i, Then the
matrices Z?AKK_IAgZC and Z%ACCAEZK are both invertible.

Proof. Since C and R are positive definite by assumption (A3), it suffices to
show that AgTiZC and AL.Zg both have full column rank. Let w € ker(A?;{ZC). Then
Zew € ker A and, by definition of Z¢, Zcw € ker Af. Since the intersection of the
kernels of A}; and AE is trivial by (A1), we have Z,w = 0. The fact that Z, has full
column rank then implies w = 0.

The full column rank property of AgZK can be proved analogously. 0

THEOREM 5.2. Let an RCI circuit fulfill assumptions (Al) and (A3). Then the
pencil A\E — A with E and A as in has the following properties:

(i) It is regular, has index at most one and all its finite eigenvalues are real and
non-positive.

(i) A projector onto the right deflating subspace of \E — A corresponding to the
infinite eigenvalues and along the right deflating subspace corresponding to the
finite eigenvalues is given by

Qoo = Zo(ZEAR R AR Z0) ' ZE Ag R AR (5.2)

(iti) A projector onto the right deflating subspace of A\E — A corresponding to the zero
etgenvalues and along the right deflating subspace corresponding to the infinite
and negative eigenvalues is given by

Qo =2Zg(Zx ArCALZg) ' Zg ArCAL. (5.3)

(iv) A projector onto the right deflating subspace of A\E — A corresponding to the
negative eigenvalues and along the right deflating subspace corresponding to the
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infinite and zero eigenvalues is given by

P =1- QO - Qoo
=1—Zg(ZxgArCALZg) ' Zg ArCAL (5.4)
—1 _ —1
—Z(ZEARR AR Ze) TV ZEAR R AR

Proof.
(i) These facts follow from Theorem [4.1} and assumptions (A1) and (A3).
(ii) The property of Q. being a projector can be verified by simple calculations.
Since the index of AE — A is at most one, we obtain from [23] that Q. has the
desired properties if and only if

im Qo = ker E =im Z, (5.5)
ker Qoo = {w € R™ ™ : Aw e imE} = ker(ZEAg R AR).  (5.6)

The inclusion im Qs C imZ, is trivial. On the other hand, we have
R’ = Zg, le, ImQs 2 imZ,. Thus, holds. The first equality in
follows from the relation ZCTARKAA?;{QOO = ZEARK%A;;.

(iii) Taking into account that Qg is a projector onto the right deflating subspace
of AARK71A£ + ACCAE corresponding to the infinite eigenvalues and along
the right deflating subspace corresponding to the finite eigenvalues, the relation
can be obtained from (ii) by interchanging the roles of the capacitances
and resistances.

(iv) This result follows from the facts that the right deflating subspace corresponding
to the negative eigenvalues is given by ker Qg Nker @, and the right deflating
subspace corresponding to the zero and infinite eigenvalues is the direct sum of
im @y and im Q.

d
We now deliver the explicit expressions for the matrices Ry and R, in .
THEOREM 5.3. For a MNA system , , the matrices Ry and Roo in
are given by

Ro= A7 Zg(Zg AcCALZg) ' Zg Az,

_ (5.7)
Reo = ATZ(ZFARR ™AL Z0) 1 28 Ar.

Moreover, for a full column matriz ZK such that im ZK = im Ag and the projector
Qo as in (5.3)), the asymptotically stable part of G fulfills

Pu(G)(0) = AT(I — Qo) 24 (Zx Ag R AR Zg) ' 25 (1 — QD) Az, (5.8)

Proof. We first show the formula for R.. Since the index of AE' — A is at most
one, we have Ry, = lim G(s). Furthermore, it follows from R, = G*(0) that R

satisfies Roo = C,W, where W solves —A, W = B, with A,, B, and C; as in (3.1).
Let W = [W{, WI]T be partitioned according to the block structure of A,. Then

Ag RTARW + AcWa = — Az, (5.9)
—AfW, =0. (5.10)
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Tt follows from ([5.10)) that there exists a matrix Wiy such that Wy = Z-Wi;. A mul-
‘fliplication of 1} from the left by Zg leads to Z?ARK_IAQZCWH = fZgAI, and,
ence,

Reo = —ATW1 = AT ZcWyy = AT Z(ZEAg RTAL Z0) 1 2L Ar.
In order to show the expression for Ry in (5.7)), we make use of
. . T T —1,4Ty—1
Ry = il_%s G(s) = Sh_r% sA7 (SALCAL + Ag R Ag) ™ Ar
= lim s P AT (s ALCAL + Ag R TAR) 1 Ag

§—00

lim A% (sAg R 'A% + ACAL) 147,

5§—00

Therefore, the result follows analogous to the formula for R, just by interchanging
the roles of the capacitances and resistances.
To show (5.8)), we first observe that

Po(G)(5) = AT (I = Qo)(sAcCAG + Ag R AR) ™ (I - Q) Ar.
Therefore, Ps(G)(0) = AL (I — Qo)W , where W is a matrix solving
Ag RTTARW = (I - QD) Az (5.11)

Since [Zg, ZR] is invertible, there exist the matrices Wi; and Wio such that
W = ZKW11 + Zgi‘ng. Theln, d1A1e to A},T{W = A%ZARWM, a multiplication of 1)
from the left by (ZyT{AKQ{f AQZR)_lZgi yields

~ -1 ~ 1A
Wi = (Zx Ax R~ AR Zg) ' Z5 (I — Qg) Az (5.12)
Then, using (I — Qo)Zg = 0, we obtain the relation
Po(G)(0) = AT (I — Qo)W = AT (I — Qo) Zg Wi,

which together with (5.12]) implies (5.8]). |

Note that if the transfer function G' has no pole at the origin or, equivalently, if
ZﬂT{AI = 0, then Qg as in |D satisfies QL' A7 = 0. In this case, equation 1) is
simplified to

G(0) = AT Zy (ZEAg R AR Zg) 1 2% Ar. (5.13)

We now present the balanced truncation model reduction method for RCI circuits
satisfying (A1) and (A3).
ALGORITHM 5.1. Balanced truncation model reduction for RCI circuits.
Given a quintuple (R, C, Ag, A, A1), compute a reduced model G= (E~7 A, B, C’)
1. Compute the full column rank matrices Z and Zg such that im Z = ker AE
and im Zg = ker A%.
2. For E; A and B as in and P as in , solve the projected Lyapunov
equation for a full-rank Cholesky factor L of X = LTL.
3. Compute the eigenvalue decomposition ,
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4. Compute the full-rank Cholesky factors By € R™™ and By € R7™ of
BgBo = Ry and BZ;BOO = Ry, where Ry and Ry, are as in (5.7)).
5. Compute the reduced-order system (4.7)), (4.11)), where

A, =xVPUTLAL U STY?, B, =x7Y*UTLB.

As a consequence of Theorem we obtain the following result.

THEOREM 5.4. Let an RCI circuit fulfill (A1) and (A3). Then the reduced-order
model , obtained by Algorithm is passive and reciprocal with an external
signature Sexy = In,. Moreover, for the transfer functions G and G of the original
and the reduced-order models, we have the following error bound

|G = Gl <2(0ps1 +...+0g). (5.14)

The above result states, in particular, that the difference between the transfer
functions of the original and the reduced-order models is in H,,, although, we have
possibly G ¢ H,, and G ¢ Hy. If G € Hy, the relations and can also
be employed to derive a relative error bound for the reduced-order model.

The computation of the matrix Zg (resp. Z) corresponds to the search for the
components of connectivity |17/6,[2] in the subcircuit in which the capacitive (resp.
resistive) branches are removed. The matrix ZK can be obtained by removing the
linear dependent columns of Ag that corresponds in graph theory to the successive
elimination of branches that are part of a resistive loop. Therefore, the required basis
matrices can be computed in a cheap way using the existing graph search algorithms
[17].

The projected Lyapunov equation with large-scale matrix coefficients can
be solved using the alternating direction implicit (ADI) method [4}36}[39]. The con-
vergence rate of this iterative method depends strongly on the choice of the ADI shift
parameters. Since the pencil AE — A has real non-positive eigenvalues, the optimal
real shift parameters providing the superlinear convergence can be determined by the
selection procedure proposed in [40] once the spectral bounds

a=min{ A\, : Ay, € Sp_(E,A) }, b=max{ A\ : A\ €Sp_(E,A)}

are available. Here Sp_(FE, A) denotes the set of finite eigenvalues of A\E — A with
negative real part. After [ iterations, the ADI method provides a low-rank appro-
ximation to the solution X ~ LTL, where L € R™:". Replacing then the full-rank
Cholesky factor L of the Gramian in Algorithm by a low-rank factor L signifi-
cantly reduces the computational complexity and storage requirements in the balanced
truncation model reduction method and makes this method very suitable for large
circuit equations.

Note that the replacement of L by a low-rank factor L neither destroys stability
nor passivity of the reduced-order model , since this model still fulfills
the symmetry properties (P1) and (P2). Moreover, the perturbation analysis in [15]
Section 2.4.3] shows that if LT L is close enough to X = LTL, then the reduced-order
model computed by means of low-rank approximations to the Gramian is close to the
exact reduced-order model.

Remark 5.5. Since in practice, the values in SI units for the capacitances are
much smaller than the values of conductances, the matrices E and A are badly scaled
in the sense that the ratio |A||/||E| varies from O(10'2) to O(108). This causes some
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difficulties in the numerical solution of the projected Lyapunov equation. To overcome
these difficulties, we apply the balanced truncation method to the system in which E
is replaced by aE for some suitable real scaling parameter o > 0. After reduction,
this scaling is reversed by a replacement of FE with o YE. In ezact arithmetic, such
an intermediate scaling finally leads to the same reduced-order model.

5.2. RCYV circuits. In this subsection, we consider RCV circuits, i.e., we make
the additional assumption that the circuit does not contain current sources. Un-
fortunately, neither the MNA nor MLA equations of RCV circuits fulfill properties
(P1) and (P2) guaranteeing that balanced truncation preserves passivity. However,
Theorem shows that the FIMLA system for RCV circuits given by with

E=B.C"'BY, A=-BgRBY, B=-By=C" (5.15)

indeed has these special symmetry properties. Therefore, we propose the followmg
model reduction method for RCV circuits: compute a reduced- order model G by
applying balanced truncation model reduction to the FIMLA system ([2.1]), (5.15)) and
then find a realization of the frequency-inverted system G(s) = G*(s’l)

Note that for systems governed by ordinary differential equations, the combina-
tion of frequency inversion and balanced truncation is known as singular perturbation
balanced truncation [22]. Whereas standard balanced truncation is exact at infinity,
i.e., the reduced-order model fulfills lim,_,.(G(s) — G(s)) = 0, the singular pertur-
bation balanced truncation obeys G(0) = G(0).

As in the previous subsection, we deliver first the explicit expressions for the
projector P and the matrices Ry and R, of System - Let YC and Yy be full
column rank matrices such that imY, = kerB and im Yy = ker BY. The following
results can be proved analogously to Lemma Theorem [5.2] and Theorem [5.3]
respectively.

LEMMA 5.6. Let an RCV circuit fulfill assumptions (A2) and (A3). Then the
matrices YCTBRKB;';YC and Y{BCC—lBgYK are both invertible.

THEOREM 5.7. Let an RCV circuit fulfill assumptions (A2) and (A3). Then the
pencil A\E — A with E and A as in has the following properties.

(i) It is regular, has index at most one and all its finite eigenvalues are real and
non-positive.

(i1) A projector onto the right deflating subspace of \E — A corresponding to the
infinite eigenvalues and along the right deflating subspace corresponding to the
finite eigenvalues is given by

Qoo = Yo (YE BR RBRYe)™'Y¢ By R By (5.16)
(iii) A projector onto the right deflating subspace of A\E — A corresponding to the zero

eigenvalues and along the right deflating subspace corresponding to the infinite
and negative eigenvalues is given by

Qo =Yg (Ya BcC™'BEYg) "' Y{ B.C™'BL. (5.17)

(iv) A projector onto the right deflating subspace of A\E — A corresponding to the
negative eigenvalues and along the right deflating subspace corresponding to the
infinite and zero eigenvalues is given by

P=I- QO - Qoo
=1 - Yg(YiBcCT'BLYg) Wi B.C™'BL (5.18)
—Ye(YEBgRBgYe) 'Y Bg R Bg .
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THEOREM 5.8. For a descriptor system (2.1)) with E, A, B and C as in (5.15)),

the matrices Ry and Ro in (4.2) are given by
—1 _
Ry = BL,Yg(Yg BcC™ B-Yg)™'Yg By, (5.19)
Roo = ByY (YA Bg RBRYc) ' YE By,

Moreover, for a full column matriz YR such that im YK = im Bg and the projector
Qo as in (5.17), the asymptotically stable part of G fulfills

Pe(G)(0) = BL(I — Qo)Yg (Y B RBRYx) 'Y (I — Qf)By. (5.20)

Applying the balanced truncation method as in Algorithm to the FIMLA
system ((5.15)), we obtain a reduced-order model with the transfer function

G’ (s) = Roo + 5 'Ry + BT (sI — A,)"'B,,
where all eigenvalues of A, are negative. Then the frequency inversion leads to
G(s) =G (s™') = R + sRo+ BT (s 7' T — A,) "' B,
=sRy + Roo — B?(SI — Al)_lél

with R, = Ro — EZA;BSZ Ay = fl;l and By = fl;lés. This function can be
realized as G(s) = CT(sE — A)~!' B, where

o [r o 0] [A4 0 0 B i -B
E=1|0 Ry 0|, A=|0 -R, -I|, B=|o]|, ¢T=] o0
0 0 0 o I 0 I I

This realization is, however, possibly not minimal, since it may contain the states that
are uncontrollable and unobservable at infinity. Such states can be determined using
the improper Gramians introduced first in [35]. For simplicity, we consider only the
system Goo(8) = Coo(5Ese — Ass) "1 Bso with

_|Ro O _|—Re —I 0] A1
I R R

Since the pencil AE,, — Ao, has the eigenvalue at infinity only, the improper con-
trollability and observability Gramians of G, are defined as the unique symmetric,
positive semi-definite solutions of the generalized Stein equations

A Gi AL — E. G .EL = B, BL AL G, A, —ELG.E, =CLC,.

o0 oo

Taking into account that the matrix A, is nonsingular and the pencil A\E,, — A
has index two, we find that G;. = R R, and G;, = LT L, with

[ I -R. [T R
Ri[o _RO}, Ll[o Ro]' (5.22)

The uncontrollable and unobservable states of G, correspond to zero eigenvalues of
the symmetric matrix L, Ao R} € R*™2™ . Consider the eigenvalue decomposition

Rew R Ay O
L, A RY = { o 00 ] = [V, Vo] [ 01 0 ] Vi, Va7, (5.23)



18 T. REIS AND T. STYKEL

where [V3, V3] is orthogonal and A1 is nonsingular. Then a minimal realization of

G is given by Goo(s) = Coo (5B — Asg) ' Bao, where

Eow =TIE,T), Ay =TIAT), Bo =TI'By, Cs =CyTi (5.24)

with T = RV} and Ty = LTV].
We summarize the passivity-preserving balanced truncation model reduction method
for RCV circuits satisfying (A2) and (A3) in the following algorithm.
ALGORITHM 5.2. Balanced truncation model reduction for RCV circuits.
Given a quintuple (R, C, Bg, B¢, By), compute a reduced model G=(E, A B,QC).
1. Compute the full column rank matrices Yo and Yg such that im Y, = ker Bg
and imYg = ker B;’i.
2. For E, A and B as in and P as in , solve the projected Lyapunov
equation for a full-rank Cholesky factor L of X = LTL.
3. Compute the eigenvalue decomposition ,
4. Compute the matrices

A, =x7V?uTLAL"u,s7Y?, B, =-7V*UTLB.

5. Compute the matrices R; and L; as in , where Ry and R., are given
in (B.19) and e — R — BTASB,

Compute the eigenvalue decomposition .

7. Compute the reduced-order system with

= [T 0 : [A 0 = [B © AT A
E|:O Eoo:|, A|:0 Aoo:|’ B|:Boo:|, C*[ B17COOL

&

where [11 = fls_l, Bl = A;lés and Eoo, floo, Boo, C’oo are as in ,
The following theorem shows that the reduced-order model computed by this
algorithm is passive and gives the H,,-norm error bound.
THEOREM 5.9. Let an RCV circuit fulfill assumptions (A2) and (A3). Then
a reduced-order model obtained by Algorithm is passive and reciprocal with
an external signature Sexy = Ip,,. Moreover, for the transfer functions G and G of
the original and the reduced-order models, we have the following error bound

|G = Gllu.. <2(0r41+ ...+ ). (5.25)

Proof. The results follow from Theorems [3.2] and [4:3] 0

Algorithm requires the knowledge of the reduced loop matrix B that can be
obtained by the search for a loop basis [2}/6,[10,(17] in the circuit graph. Since the
efficiency in the numerical solution of the Lyapunov equation with matrices as
in can be improved if E and A are sparse, it is preferable to choose a basis of
loops with length as small as possible. This kind of problem is treated in [26].

The rows of Bg (resp. B() corresponds to loops of the graphs 4 (resp. &) that
are constructed from the circuit graph by merging the nodes connected by branches
of voltage sources and capacitors (resp. by branches of voltage sources and resistors).
Therefore, the determination of the matrix Y (resp. Y) corresponds to the search
for dependent loops in &4 (resp. &). Further, the matrix EA/K can be obtained by
removing the linear dependent columns of Bg. Using the one-to-one correspondence
between linear dependency of columns in Bg and the presence of cutsets in the graph



LYAPUNOV BALANCING FOR RC CIRCUITS 19

Gz [2], we can determine )A/g( from Bg by successively removing columns whose
corresponding branches are part of a cutset in &4 . For the analysis of loop dependency
and the search for cutsets in a graph, there exist a variety of efficient algorithms, e.g.,
see |17] and the references therein.

5.3. RCIV circuits. We now consider the more general case of RC circuits
that may contain both types of sources and present two passivity-preserving model
reduction methods for such circuits. These methods rely on the following results that
immediately follow from Theorems [3.5] [3.6] and [£:1]

COROLLARY 5.10. Let an RC circuit be given and let G and G* be the transfer
functions of the MNA system , and the FIMLA system , respectively.

(i) If the RC circuit satisfies assumptions (A1°), (A2) and (A3), then G*? is
positive real and symmetric.

(ii) If the RC circuit satisfies assumptions (A1), (A2") and (A3), then (G*)(D s
positive real and symmetric.

The first model reduction method for RCIV circuits is based on an initial replace-
ment of voltage sources by current sources yielding a symmetric system

E=A.CAL,  A=-A,R7'AL,  B=[-A7, -Ay]=0C"7, (5.26)

which is then reduced by the method presented in Section[5.1] A final transformation
reversing the initial voltage source replacement will prov1de the requ1red reduced-order

model. Due to Theorem [3.5] the transfer function of (2.1), (5.26) is the (2,2) partlal
inverse of the transfer function of the MNA system | , (2.3). Then Algonthm

applied to , - ) delivers a passive reduced-order model
= P ~ ~ iz(t
E1 .’,E(t) = A1 I(t) + [Bll, Blg] |:ZI( ):| 5
—ﬁz(t)] {Bﬂ .
_ = | = x(t),
o) =[]0
where El, A € R4, By € R4 and Bis € RY™. This model can be transformed
into (4.7) with

N_El 0 i_ Al Blg '“_Bll 0 _ AT
T S A S R TR

(5.27)

This transformation is equivalent to interchanging 94,(¢) and 4 (¢) in the input and

output vectors of (5.27)).
As a result, we have the following algorithm for model reduction of RCIV circuits

satisfying (A17), (A2) and (A3).
ALGORITHM 5.3. Balanced truncation for RCIV circuits in the MNA form.
Given (R, C,Ag,Ac, Az, Ay), compute a reduced-order model G= (E, A, B, é)
1. Compute the reduced-order model Gy = (El, Ay, By, C~'1) by applying Algo-
rithm to the quintuple (R, C,Ag, Ac, [Az, Ay)).
2. Compute the reduced-order system , , where BH = Bl [Inz, O]T and
By = B0, I,,,]"
The following theorem establishes the properties of the reduced model , .
THEOREM 5.11. Assume that an RCIV circuit fulfills assumptions (A17), (A2
and (A3). Let E, A, B and C be the matrices in obtained by Algorithm
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and let ZAr,LCR be a matriz with orthonormal columns such that
im ZAfocgi = ker([ ZC 5 ZR, }TAv).

5 “1 475 N—15 A . .
Then the matriz H = ZrlT/ CKA$ZK(Z£ARK A%ZK) 1Z3€Ar,/ZrV_CK is nonsin-

gular. Moreover, if

2(01+ ...+ )|H Y <1, (5.29)
then the pencil \E — A in l) is reqular and the reduced-order model || 1)

s passive and reciprocal with an external signature Sexy = diag([nz, *In(,/)
Proof. First of all, we show that the matrix H is nonsingular. Let w € ker H.
Then AgyZqg cRW € kerZ =im Zg. On the other hand, the definition of Zo_ R

1ead§ to Ay Zy_cqw € ker Z};. Then the fact that im Zg Nker Zg = {0} implies that
AyZy_cqgw =0 and, hence, w = 0. Thus, H is nonsingular.

Let
_ G., G
G(Q’Z)Z[ngl gw}’ geo _ |Gu G (5.30)
12 22 G12 G22

be the transfer functions of systems (2.1f), (5.26) and (5.27), respectively, that are
partitioned in block conformally to G in (2.5). Then analogously to the proof of
Theorem it can be shown that

Pe(Zey_ g G22Zy_og)(0) = (Z3_ o3 G22Z4y_ o4 )(0) = H. (5.31)

In order to show that the pencil AE — A is regular under condition , we first
prove that this condition implies the invertibility of Gas(s) for all s € C,. Assume
that Gaz(so)w = 0 for some sy € C; and w € C". By Theorem (iii) we have
a representation

R R
~ 22,0 22,k
G22(80) = Raz,00 + +) =
S0 b1 S0 — Ak
with symmetric and positive semi-definite Rao 0,R22 1,...,R227T,R227oo c Ry,
Then w GQQ(S())U) =0 ylelds that R22 ow = R22 1 = . = Rgz)r’w = Rgg)oow = 0.

Hence, Gy (s)w = O forall s € C, and w € ker Rgg’oﬁker RQQ’OO =ker([Z¢, Zg|" Ay).
This leads to the existence of some vector w; such that w = ZAtV_ CRWI- Thus, we
have Z,V R
provides the error bound

1G22 — Gl < |G®? = G|, <2001+ +0g) =7, (5.32)

GQZ(S)ZA(V_CRU)l =0 for all s € C. Since the model reduction method

the orthonormality of the columns of Z V_CR also implies that
HZA;:;,C'R(GQZ - GQQ)Z‘V—CRHHOQ <.
Then taking into account ([5.31) we have
1 T ~ N
0=||(I = H ' (H = (Z_ 4 G22Zp_cx)(0))wr |

> (1= [|[H (25— g (Gaz = G22) Zoy_5) (O)]) 1w |
> (1= [|[H ™ y) lwe ]
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Since 1—||[H ||y > 0, the vector w; has to vanish. Thus, we also have w = 0 showing
that Gaz(s) is invertible for all s € C.
The regularity of the pencil AE — A follows then from the relation

rank(sE — A) =rank [SEI ~ A 0 ]

—BT,  Gals)
and the facts that /\E’l — ;11 is regular and égg is invertible.

By construction, the transfer function of the reduced-order model (4.7, (5.28) is
given by

~ ~ ~ —1~T ~ ~ —1
G = |G = G12Gy Gy —Gi2Gy
= 1T ot - (5.33)
G22 G12 G22
For
W I 0
= =1\ ok 2% ~—1y*|
7(G22 ) G12 (G22 )
we have

G(s)+ G (5) = W(s) (G2 (s) + (GD) (5)) W(s).

Then the positive realness of G222 implies the positive realness of G. Thus, the
reduced-order model lb 1' is passive. Reciprocity of G immediately follows

from (5.33)). |

Note that if one of the residuals Rz or Rz o of G has full column rank
(which is equivalent to one of Zg{—iArV or ZL Ay, respectively, to be of full column
rank), then condition becomes trivial. The full column rank property of Zg{AfV
(resp. ZgAfV) corresponds to the absence of loops consisting of resistors (resp. capa-
citors) and voltage sources only except for loops consisting of voltage sources only.

The following lemma establishes boundedness of the H.,-norms of the blocks of
G®? and G22 in (5.30).

LEMMA 5.12. Assume that an RCIV circuit fulfills assumptions (A1), (A2) and
(A3). Let G?? and G®2 be the transfer functions of systems , |i and
, respectively, partitioned as in . Then the following holds true:

(i) The three statements Goy € Heoo, é;zl € Hoo and ker(ZLAy) = {0} are equiv-
alent. In this case, we have

_ o1 1 _ _
1G5 . = G i1 = (AL Zc(ZEAR R AR Ze)  ZE Ag) .

(i1) The three statements G111 € Hy, G, € Hy, and Zg;Az = 0 are equivalent. In
this case, we have

. o s s
IGu . < IGu . = A7 Zx (Zg Ax R Ag Zg) " Zg Azl (5.34)

1ii) The three statements Goo € H, Ggg € Hy, and ZT A, =0 are equivalent. In
R4V
this case, we have

|Gazllr. < 1Gallin, = 114728 (Z5 AR AR Zg) " Zg Al (5.35)
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(iv) The three statements G1o € Hy, G € Hoy and

A7 Zg (Zg AcCALZg) ' Zg Ay =0 (5.36)
are equivalent. In this case, we have
1Gholls. < [|ADH A2 AT HAL|'?, (5.37)
1Gh2ll.. < [ ADHAy|V2||AT HAz|?, (5.38)
where
H = (I-Qo)Zg (25 Ag R~ AL Z4) 7' 2% (1 - QF) (5.39)
and Qq is as in (5.3)).
Proof.

(i) These results follow from Theorem [4.1] (v) and Theorem [5.3

(ii) The equivalence of G1; € H, G, € Hy and ZQT{AI = 0 follows from Theo-
rem (iv), Theorem and Theorem

(iii) These results can be proved analogously to (ii).

(iv) Since the matrix A%ZK(ZﬂT{ACCAgZK)’lZﬂT{Aq/ is the residual of the pole of
G5 and G15 at the origin, the equivalence of the statements follows immediately.
We now show the estimate . Let AE — A as in be in the Kronecker
normal form and let the matrices

Az Ay,
TTAr= | Ao |, TTAyp=|Aqg
Az A’Voo
be partitioned accordingly. Then the projector I — Qo has the representation
I 0 0
I-Qy=T10 0 o|T %
0 0 I
By definition, we have
(sI —A)~! 0 0] | Ay,
Glg(s) = [A%;, A%O’ A%oo} 0 871[ 0 A‘VO

0 0 I| Ay,

Let s € C4. Since sI — A is diagonal, there exists a diagonal and unitary matrix
Q € C"™ such that

(sI — A)™ = |sI — A|7Y/2QsT — A|7V/2,

where |sI — A| denotes the entry-wise modulus of sI — A. It follows from (5.36)
that AZ A, = 0 and, hence,

(SI — A)_l 0 0 A"I/s

Gia(s) = [AT,, 0, AT_] 0 s 0 0
0 0 I||Apy
|sI —A|71/2 0
—ATI-QyT| 0 0 [g ﬂ
0 I

sI—A7Y2 0 0
« | 0' 01 (1 - Qb Ay.
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This means that

|sI —A|7Y2 0
1G12(s)|| <||A7 (I — Qo)T 0 0
0 I
sI—A7Y2 0 0
IsST—A]"' 0 0 1/2
A7(I = Qo)T 0 0 0 TT(I - Qf)Az
0 I
IsT— A7 0 0 1/2
x [[AT(I — Qo)T 0 0 ol TT(I-QhHA
0 0 I
~A"1 0 0 1/2
<|[AZ7T=Qo)T| 0 0 0|T"(I-Qq)Az
0 0 I
—A"1 0 0 1/2
x [AL(I-Qo)T | 0 0 0|TT(I-Qf)A
0 0 I

=[P (G11) (O)[I'2|Ps(G22) ()] /2.
Equation 1) implies that Ps(G11)(0) = AT HA7 and Py(Gay)(0) = AgﬁAry.
p-37)

Thus, ((5.37)) holds true. Analogously, we can estimate
1G12(5)I| < I Ps(Gr1) ()] V2] Ps(Ga2) (0) /2.

On the other hand, Theorem [4.3 implies [Py (G11)(0)]| < [[Ps(G11)(0)|| and
|Ps(G22)(0)|| < || Ps(Ga2)(0)]|. Therefore, (5.38) also holds.
|
Note that if ZZ Az = 0, then QI A7 = 0 and, hence, the expressions on the
right-hand sides of and can be further simplified. The same holds in the
case where Zi,T{A(V = 0. In terms of the topology of the circuit graph, the relation
Z;’{AI = 0 (resp. Z}{A;V = 0) means that the incidence nodes of any current source
(resp. voltage source) are connected by a resistive path.
The following theorem gives an error bound for the reduced-order model computed
by Algorithm
THEOREM 5.13. Consider an RCIV circuit fulfilling assumptions (A17), (A2) and
(A3). Let G be the transfer function of the MNA system , and let G be the
transfer function of the reduced-order model , obtained by Algorithm .
Let v =2(op41+ ...+ 04). Then the following holds true:
(i) Let the (2,2) partial inverses G(2 2 and é (2:2) of the original and reduced-order
models be partitioned as in f (5.29) is satisfied, then for

In élQ |: In 0 :|
W, = g = s Wr = 4 s
: [ 0 G22‘| ~Gi;, —Gox

the reduced-order model fulfills the following error bound

IWi(G - G)W [, <7. (5.40)
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(i) If :5.36 holds true and ZEAfV has full column rank, then the reduced-order
model (4.7)), (5.28) is passive and reciprocal. Moreover, we have the error bound

IG = Glla.. <v(1+ 97 +9193), (5.41)
where

—1 _ _
01 = (A Zc(ZE AR R AR Ze) ' ZEAy)
g2 = || A HA||'?|| AT HA7||'/?

with H as in lb
Proof. .
(i) The error bound (5.40) is a consequence of [|G*? — G22)||y_ <~ and

(G*Y - G2V = W,(G - G)W,.

(i) If Z?AV has full column rank, then ker([Zg, Z-]" Ay) = {0}. Therefore, by
Theorem [5.11] the reduced-order system ([4.7)), is passive and reciprocal.
Note that by Lemma (i) both G5, (s) and éz_; (s) exist for all s € Cy
and |G3llu. = [|Gos |l = g1. Lemmals.12] (iv) and the relation (5.36]
imply ||Gsllm. < g2 and ||Gpollm. < go. Hence, also the matrices W (s)
and W .(s) are invertible for all s € C* with

S
_ I, —G,G _ I 0
w-l— |'nz 1252 | WT1:|: 'z }7
: l 0 G221 1 ~Gy»Gly, Gy

In particular, we have
W e < (L 98 +9193)"%, W, e < (1497 + g795) "2
Then (5.40]) implies that

IG = Glla. < WG~ G)W, [l W[ [l W |n

< (1443 +gig3). ]

Summarizing, we have developed a model reduction method for RCIV circuits
satisfying conditions (A1"), (A2) and (A3). As a consequence of Theorem this
method produces a passive and reciprocal reduced-order model if r is chosen such that
the number 0,1 + ... + 0, is sufficiently small. Moreover, Theorem [5.13| provides
an error bound in the frequency-weighted Hy,-norm. If the circuit fulfills the addi-
tional conditions and ker(ZgArV) = {0}, then an error bound in the Hy,-norm
is available.

An alternative approach for model reduction of RCIV circuits consists in replacing
current sources by voltage sources, reducing the frequency-inverted system

E=B.C'BY, A=-BgRB, B=|[-Br,-By]=0C" (5.42)

using the method presented in Section [5.2] and then reversing the initial frequency
inversion and current source replacement. The transfer function of (5.42)) is given
by (G(l’l))*(s). Note that the frequency inversion and the (1,1) partial inversion



LYAPUNOV BALANCING FOR RC CIRCUITS 25

commute in the sense that (G!1)" = (G*)1V. Similarly to Theorem we can
show that (G*)() has the representation (4.2) with
Ro— | P2 ] v 0 BeC BEYR) Y [Br, B
0= |55 | Ya(Ya BeC BeYa)™ Vg [Br, Byl

BY -
Row = [ | YoV E BRRBEYE) Y [Br, By

In the following algorithm, we perform the (1,1) partial inversion of the reduced-

order model obtained from ([2.1)), (5.42)) using Algorithm
ALGORITHM 5.4. Balanced truncation for RCIV circuits in the MLA form.

Giwven (R, C, Bg, B¢, Bz, By), compute a reduced-order model G= (E, A, B, C).
1. Compute a reduced-order model G, = (El, Ay, By, C’l) by applying Algo-
rithm to the quintuple (R, C,Bg, B¢, [Bz, By)).
h

2. Compute the reduced-order system (4.7)) with
= [Ey 0] ; [A Bul| s 0 B A 0 -I,
E= A= |~ , B= , C=| 71, 5.43
|: 0 0:| ’ |:C11 0 :| |:In1 0 021 0 ( )
where

Bll = Bl [Inzv O}Tv BlZ = Bl [07 Inq/]Ta éll = [Inzv O}Cz’lv 021 = [07 In,V]éL

The following theorems establish the properties of the reduced model , .
They can be proved analogously to Theorem and Theorem [5.13] respectively.

THEOREM 5.14. Assume that an RCIV circuit fulfills assumptions (A1), (A2")
and (A3). Consider the reduced-order model , obtained by Algorithm .
For a matriz Y7_ g , whose columns form an orthonormal basis of ker([ Y, YK]TBI),
the mc?fm'x G = ?I:CCQQB%YR(Y%BKRB%YK)_1Yg:€BIYIfCR is nonsingular. More-
over, i

20rs1 + ...+ o) |G < 1, (5.44)

then the pencil \E — A in (5.43) is reqular and the reduced-order model (4.7)), (5.43))

1s passive and reciprocal with an external signature Sexy = diag(InI, -1, q/),
THEOREM 5.15. Assume that an RCIV circuit fulfills assumptions (A1), (A2")
and (A3). Let G be the transfer function of the MLA system , and let
G be the transfer function of the reduced-order model , obtained by Algo-
rithm , Let v = 2(0r41 + ...+ 04). Then the following holds true:
(i) Let the (1,1) partial inverses GV and GOV of the original and the reduced-
order models be partitioned as

Gl _ [g%} gu]’ G _ Cf%’} Cfu .
12 22 G12 G22

If (5.44)) is satisfied, then for

Wl _ [éll 0 ‘| ’ WT. _ |:G11 G12:| ,

=T
Gy Im’/ 0 I"q/

the reduced-order model fulfills the following error bound
IWi(G - )W, [, <. (5.45)
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(i) If the matriz Y2 By has full column rank and
BLYg (Y BeCT'BLYg) 'Y Br =0,

then the reduced-order model (4.7), (5.43)) is passive and reciprocal. Moreover,
we have the error bound

IG = Gllu., <1 +3 +3763), (5.46)
where
91 = (BT Yc(YF Bg RBRYe) ™'Y Br) ™',
g2 = ||BqT/CA7’Br1/||1/2||BITCA*’BIH1/2

with G = (I = Qo)Yx (Y3 Bx RBZYg) ™'Y (I - QF).

For the back interpretation of the reduced-order model as a circuit, one can pro-
ceed as follows. Since by Theorem the (2,2) partial inversion of the system cor-
responds to the substitution of voltage sources by current sources, we can start with
a symmetric reduced-order system. This means that we are in a more special situation
than in |28, Theorem 14]. The synthesis algorithm from [28] can then be specialized in
order to obtain a realizing circuit consisting of resistors, capacitors, ideal transformers
and voltage/current sources. In the SISO case, the Foster synthesis method [24,/16]
can be applied to even obtain a realizing RC circuit. More precisely, the scalar transfer
function

Ry Ry,
G(s) = o + —2
() = Reo + S + Z P
k=1
is realized by a circuit shown in Figure [5.1] with
-[R.oo:Rooa kif&a k:L Ty
Ak
1 1
C‘():,..i7 Ck,:f7 k:17...,T.
RO Rk

As a concluding remark, we note that the general ideas of the presented theory
and numerical algorithms can also be applied to RL circuits which contain resistors,
inductors, voltage and current sources only. Observing that the FIMNA equations for
RLI circuits as well as the MLA equations for RLV circuits yield descriptor systems
with the symmetry properties (P1) and (P2), we can design balanced truncation model
reduction methods for RL circuits similar to Algorithms Due to this strong
analogy and since the practical relevance of RL circuits is by far below that of RC
circuits, this case is not treated in detail in this paper.

Finally, note that the presented model reduction methods cannot be used for
passivity-preserving model reduction of general RCL circuits. First, Lyapunov-based
balanced truncation does, in general, not preserve passivity in a reduced-order model,
see [45] for some examples. The second problem is that Lyapunov-based balanced
truncation requires the extraction of an asymptotically stable subsystem, i.e., the
projection onto the deflating subspaces corresponding to the finite eigenvalues with
negative real part. The computation of such a projection is extremely difficult due to
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cl c2

Fiac. 5.1.

the fact that the location of non-asymptotically stable poles is not anymore restricted
to the origin or infinity. In particular, the decision whether an eigenvalue is on the
imaginary axis or not may be very ill-conditioned from a numerical point of view.

For passivity-preserving balancing-related model reduction for RCL circuits based
on Lur’e matrix equations, we refer to [30].

6. Numerical examples. In this section, we present some results of numerical
experiments to demonstrate the feasibility of the described model reduction methods
for RC circuits. We have tested these methods on several circuit examples provided
by NEC Laboratories Europe, IT Research Division. The computations were done
on IBM RS 6000 44P Model 270 with machine precision ¢ = 2.22 x 1076 using
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MATLAB 7.0.4.

We consider an RCI and an RCV circuit reduced by Algorithm [5.1] and Algo-
rithm [5.2] respectively, and also an RCIV circuit reduced by Algorithms [5.3] and [5.4]
In all these examples, the projected Lyapunov equation (4.8) was solved by the ADI
method [36] which provides an approximate solution in factored form X ~ LTL with
L € Rkem, Tablelists the applied algorithms, the numbers n, and n, of nodes and
edges, respectively, the numbers n ., ng, nz and nq of capacitors, resistors, current
and voltage sources, respectively, the dimensions k. and n of the low-rank Cholesky
factor L, the order ¢ of the reduced models and v = 2(0y 41 + ... + 0q)-

I Y Y I S I P Y I I I

RCI 5.1 6010 | 12025 6011 6010 | 4 0 148 6009 | 53 | 4.09-10~4
RCV 5.2 12005 | 24017 | 12005 | 12008 0 4 160 | 12012 | 80 | 5.00-107°
RCIV | 5.3 6000 | 11998 5994 5998 4 2 240 5999 | 83 | 2.64-10~*
RCIV | |5.4] 6000 | 11998 5994 5998 4 2 222 5999 | 90 | 6.55-1074

TABLE 6.1
RC circuit examples

RCI circuit: Figure (a) shows the spectral norms of the frequency responses
G(iw) and G(iw) for the original and reduced-order models. One can see that al-
though the transfer function G has a pole at the origin, it is well approximated by
a reduced-order model over the whole presented frequency interval. In Figure Wb
we display the amplitude plot of the error system ||G(iw) — G(iw)|| and also the error
bound .

RCYV circuit: Figure a) presents the amplitude plots of the frequency re-
sponses of the original and reduced-order models, whereas the amplitude plot of the
error system and the error bound are given in Figure[6.2|b). As expected, Algo-
rithm [5.2] provides a reduced-order model that perfectly matches the original system
in particular at low frequencies.

RCVI circuit: Figure [6.3(a) presents the amplitude plots of the frequency re-
sponses of the original and reduced order models obtained by Algorithms [5.3]and (4]
In Figure b , we display the plots of the relative errors ||G(iw) — G(iw)||/||G(iw)]|
for both reduced order models. One can see that the reduced-order model obtained by
Algorithm is more accurate at low frequencies, whereas the reduced-order model
obtained by Algorithm is more accurate at high frequencies.

7. Conclusion. In this paper, we have presented the balanced truncation model
reduction methods for RC circuits containing resistors, capacitors, voltage and cur-
rent sources. These methods are based on a transformation of the circuit model into
a symmetric descriptor system and application of Lyapunov-based balanced trunca-
tion. We have shown that passivity is preserved in the reduced-order model and
derived computable error bounds in term of the Hankel singular values. These meth-
ods are also applicable to non-asymptotically stable and higher index systems. The
graph search algorithms were gainfully used to improve the numerical performance of
the proposed model reduction methods. The numerical experiments demonstrate the
reliability of these methods for large-scale circuit equations.
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Laboratories Europe, IT Research Division, for providing the circuit examples, Caren
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