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MODEL ORDER REDUCTION FOR MAGNETO-QUASISTATIC
EQUATIONS

JOHANNA KERLER-BACK! AND TATJANA STYKELf

Abstract. We consider model reduction of Maxwell’s equations arising in magneto-quasistatic
field problems. A finite element discretization of such equations leads to large-scale differential-
algebraic equations of special structure. For model reduction of linear systems, we employ a balanced
truncation approach, whereas nonlinear systems are reduced using a proper orthogonal decomposition
method combined with a discrete empirical interpolation technique. We will exploit the special
structure of the underlying problem to improve the performance of the model reduction algorithms.
Furthermore, we discuss an efficient evaluation of the Jacobi matrix required in nonlinear time
integration of the reduced models.

Key words. Maxwell’s equations, magneto-quasistatic problems, model order reduction, balan-
ced truncation, proper orthogonal decomposition, discrete empirical interpolation method
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1. Magneto-quasistatic simulation. Nowadays, integrated circuits play an in-
creasingly important role. Modelling of electromagnetic effects in high-frequency and
high-speed electronic systems leads to coupled electromagnetic-circuit models of high
complexity. The development of efficient, fast and accurate simulation tools for such
models is of great importance in the computer-aided design of electromagnetic struc-
tures offering significant savings in production cost and time.

Let © ¢ R% d = 2,3, be a bounded domain which is composed of the con-
ducting and non-conducting subdomains €2; and s such that Q=000 In
magneto-quasistatic (MQS) problems, the contribution of the displacement currents
is negligible compared to the conductive currents. Then the magnetic field can be
described by Maxwell’s equations in magnetic vector potential formulation

A
U%_t +Vx (V(IVx APV x A) = 7, in 2 x(0,7),
Axn, =0, on 02 x (0,7, (1.1)
A(,0) = Ap, inQ,

where A : Q x (0,7) — R? is the magnetic vector potential, v : Q x R — R is the
magnetic reluctivity, o : Q — Rar is the electric conductivity vanishing on Qs, n, is
the outer unit normal vector to the boundary 92 of Q, and J : Q x (0,7) — R? is the
current density applied by external sources. For a conductor model with m stranded
conductors, the source function has the form

J = Xstrl,

where Ygir : Q@ — R%™ is a divergence-free winding function and ¢ : [0,7] — R™ is
the electrical current in the conductors [37]. A relation between the current ¢ and the
voltage u : [0, T] — R™ is given by Faraday’s law of induction
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where R € R™™ is the resistance matrix which is symmetric and positive definite.

Unfortunately, the numerical solution of the MQS systems requires an enormous
amount of storage and large computational time. To reduce numerical effort, model
order reduction can be used. The goal of model reduction is to replace a large-scale
system by a reduced-order model which captures the dynamic behaviour of the original
system, preserves its essential physical properties and requires much less simulation
time.

Model reduction of electromagnetic problems is currently a very active research
area because faster simulations are essential in parameter study and computational op-
timization of electromagnetic structures. Model reduction of time-harmonic Maxwell’s
equations based on Krylov subspace methods has been considered in [8, 9, 47]. For
model reduction of linear MQS systems, proper orthogonal decomposition (POD) has
been used in [31, 35]. This method was originally developed for the approximation of
turbulent structures [38] and then applied to many practical problems including also
nonlinear MQS field simulation [17, 18, 34]. Furthermore, in [3, 12, 33], a reduced
basis method has been used to reduce the dimension of parametric electromagnetic
systems.

In this paper, we consider model reduction of the MQS system (1.1), (1.2). A spa-
tial discretization of such a system using the finite integration technique (FIT) [45] or
the finite element method (FEM), e.g., [27] leads to a system of differential-algebraic
equations (DAEs), where the algebraic constraints occur due to the presence of the
non-conducting subdomain. We will exploit the special structure of the semidiscre-
tized MQS system to construct the efficient model reduction methods for linear and
nonlinear problems.

The paper is organized as follows. In Section 2, we consider the FEM discretiza-
tion of the MQS system (1.1), (1.2). In Section 3, we discuss model order reduction
of linear MQS systems using balanced truncation. Section 4 deals with model re-
duction of nonlinear MQS systems using proper orthogonal decomposition combined
with a discrete empirical interpolation method (DEIM) [11]. We also propose an
efficient implementation of the matrix DEIM [46] for the approximation of the Jaco-
bian. Unlike the sparse matrix approximation strategy in [39], our approach avoids
the vectorization of the matrix snapshots and does not rely on their sparsity. Finally,
in Section 5, we present some results of numerical experiments for a single-phase
transformer model.

2. Finite element discretization. In this section, we consider the finite ele-
ment discretization (FEM) of the MQS system (1.1), (1.2) and study the properties
of the discretized system. Assume that the electrical conductivity and the magnetic
reluctivity have different structure in the conducting and non-conducting subdomains

o1 >0 for £€Q v for £€Q
o) =1 SET e =l et
0 for £ € Qo vo >0 for £ €y

where 11 : Rj — RT. The weak formulation of (1.1) leads to the variational equation
0
[oga-edss [ IV < AP x 2 (V x 0)de = [ -0t (2:)
o Ot ) )
for all ¢ € Hp(curl, ) and almost everywhere on (0,T). Here,

Hy(curl,Q) = {¢p € H(cur, ) : ¢ xn=00n00N },
H(cuwr, Q) = {¢ € La(Q)¢ : curlp € La(Q)?}.
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The existence of a weak solution to (1.1), (1.2) with v1(n) =11 > 0 has been investi-
gated in [30], whereas the nonlinear 2D case has been considered in [21].

For the FEM discretization of the MQS system (1.1), (1.2), we use the H (curl, 2)-
conforming Nédélec elements [29] and approximate the magnetic vector potential
A(&,t) by a linear combination

AE D~ Y anlten(©),
k=1

where @y, are the edge shape functions which are continuous inside the elements and
tangentially continuous at the element interfaces. The standard Galerkin projection
yields a nonlinear system of DAEs

Ei = Alx)r + Bu,

Yy =Cx (2.2)
with the state vector x = [aT,.T]T, the control u, the output y = ¢, and
| M 0 | —K(a) X |0
S T P A RS 1 R
Here, a = [a1,...,a,,]T is a semidiscretized vector of magnetic potentials, M is

a conductivity matrix, K(a) is a curl-curl matrix, and X is a coupling matrix with
the entries

(M)kl:/g¢l'¢kd§5 kalzla"'vnaa
Q

(K(a))u = /Q IV % Do oIV x @) - (V x p) dé, kl=1,... na,

j=1

(X)kl:/Xstr,l'SDkdga kZlu"'anaul:la"'umu
Q

respectively, where ystr; denotes the I-th column of xg,. Clearly, M and K(a) are
both symmetric. Reordering the state variables accordingly to the conducting and
non-conducting subdomains €27 and 22, we can partition the vector a and the matrices
M, K(a) and X as

o= o] = 0] we= | ) x=[R] e

where a; € R™, as € R™2) My, € R™™ is symmetric, positive definite, the matrices
Ko e RM"2 Ko = K1T2 € R™™ and Koy € R™™2 are constant, X; € R™™, and
X5 € R™ ™. Without loss of generality we may assume that Koy is positive definite.
In the 2D case, this condition is fulfilled, since the curl-curl matrix K(a) is positive
definite. For 3D problems, the positive definiteness of Koo can always be achieved by
gauging [19, 25]. Moreover, we assume that

supp(Xstr,i) NQ#0 fori=1,...,m,
supp(Xstr,i) N sSUPP(Xstr,j) = 0 for i # j.
The first condition means that the coupling is not only on the conductive part. This

condition together with the second one implies that the coupling matrix X5 has full
column rank. We will exploit this property to establish the index of the DAE (2.2).



For DAEs, several index concepts have been introduced in the literature, e.g.,
[10, 22, 23], see also [26] for a recent survey. Here, we analyze the tractability index
from [23] which is defined for the nonlinear DAE (2.2) as follows. Let h(z) = A(z)x
and let Jp,(x) denote the Jacobi matrix of h at 2. Consider a matrix chain

Go =€, Ho = Jn,
Gi=Gj—1 —Hj—19;-1, Hj=Hj—1(I - Qj-1),

where Q; is a projector onto ker G;. System (2.2) has the tractability index k if the
matrix Gy is nonsingular. Note that the defined index does not depend on the choice
of the projectors Q;. The following theorem establishes that system (2.2) has the
tractability index one. A similar result for the FIT-discretized model is obtained
in [2].

THEOREM 2.1. Consider the DAE (2.2), where M1y and Kaa are symmetric,
positive definite and Xo has full column rank. Then this system has the tractability
index one.

Proof. Let the columns of Y € R"2"2=™ form an orthonormal basis of ker X7 .
Then the projector Qg onto ker Gy = ker £ can be chosen as

0 0 0
Q=10 YYT 0
0o 0 I

We have
M1 KuYYT —-X3
Gi=Gy—HoQo=| 0 KxpYYT —-X,
X7 X7 R

Assume that there exists a vector v = [vf,v], vT]" such that Giv = 0. Then

M11’U1 + K12YYT’U2 - X1’U3 = O, (25)
+ KQQYYT’UQ - XQUg = O, .
XTwv + X7y + Rug = 0. (2.7)

Multiplying equation (2.6) from the left with Y7, we obtain that Y7 KoY Y vy = 0.
Since Ky is symmetric, positive definite, then Y7 KoY is nonsingular, and, hence,
YTvy = 0. In this case, equation (2.6) implies that Xov3 = 0. Since X, has full
column rank, we have vs = 0. Then taking into account that M;j; is nonsingular, we
get from equation (2.5) that v; = 0. Finally, equation (2.7) implies that XJvy = 0.
Therefore, there exist w € R™ ™" such that vo = Yw. Multiplying this equation from
the left with Y7, we obtain 0 = Y7v, = Y7Yw = w, and, hence vy = 0. Thus, the
matrix G; is nonsingular and system (2.2) has the tractability index one. O

2.1. ODE formulation. Using the basis matrix Y as in the proof of Theo-
rem 2.1, we can transform the DAE system (2.2) into a system of ordinary differential
equations (ODEs)

Eyiy = Ai(z1)z1 + Bu, (2.8a)
y = Chax, (2.8b)
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with a nonsingular matrix E;. Let Z = X»(XJ X,)""/2. Then ZTZ = I and
ZTY = 0. Hence, the matrix [Z,Y] is orthogonal. We multiply the first equation
in (2.2) from the left with the orthogonal matrix

I, 0 0
0 Z¥ o0
0 0 In

where I;; denotes a k x k identity matrix, and introduce a transformed state vector

Tz = [a], af}, al,, LT}T partitioned according to T'. Then the transformed DAE
system can be written as

My =—-Ku(a)ay — KipaZag —  KipYan+  Xit

0 = —ZTKglal — ZTKQQZagl — ZTK22Y(122 + ZTX2 L

0 = —YTKglal — YTKQQZagl — YTKQQY(IQQ (210)
X,ir('ll—f'X,éergl: — R+ u.

Since Y7 K, Y and R are both nonsingular, we get from the third and fourth equations

ago = —(YTKQQY)_lyTKglal — (YTKQQY)_IYTKQQZCL21,

1=—-R'XTa; — R'XT Zay, + R w. (2.11)

Substituting these vectors into the first and second equations, we obtain the state

equation (2.8a) with 21 = [af, a3, ]T € R", n=ny; +m, and
My +XaRIXT X ROIXTZ

B = { ZTXoRXT ZTXoRTIXTZ) (2.122)

Kii(a1) Ki2Z Ky -1
Alm) = _{ZTKzl ZT K2 ZT Ko Y(YTK22Y) V[ Ko, KnZ],

(2.12D)

_ X1 -1
By = [ZTXQ] R™. (2.12¢)
The following lemma shows that F; is nonsingular and gives its inverse.

LEMMA 2.2. Let My1 be nonsingular and let Xo have full column rank. Then the
matriz By in (2.12a) is nonsingular and its inverse is given by

My — My X, (X5 X,) 72 } _

El_[ . _ 3 - 3
DX X)X M (XS X)) T2 (R+XT M X ) (XS Xs) 1/2( |
2.13

Proof. Using XJ'Z = (X X,)'/? the matrix E; can be factorized as

B = |:M11 *leﬂR_l(*Xér*XQ)l/2 :| |: I 0:| (2 14)
L0 (XTX)YPRTNXT X))V [(XF X)X ) '
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Since Mp; and (XJX,)Y/2R™1(X] X,)'/? are both nonsingular, the matrix E; is
nonsingular too. The inverse of E; has the form

Bl I 0] [My" —M5" X (XTX,)~V?
' —(XFX) XTI 0 (XTX,)TVER(XTXp) 2
_ [ My — M X (XTX,) 12 }
—(XTX)TVAXTMy (X Xo) T2 (R XT My X ) (X Xp) 712

O
Since F; is nonsingular, the output equation in (2.2) can be written using (2.11)
and (2.13) as

y=1=—-R! [XlT, XQTZ} Efl(Al(xl)xl + Biu) + R 'u = Cy21 + Diu
with

Cy=-R'[X{, X]Z] E{ " Ai(z1)
= (XT3 Xy) ' X] (I — KoY (YT KY)'YT) [ K1, K221, (2.15)
Dy=-R'[X{, X]Z|E{'Bi+ R ' =0.

Thus, we obtain the ODE system (2.8) with the system matrices as in (2.12) and
(2.15). In the following, we will use the ODE formulation to construct the efficient
model reduction methods for linear and nonlinear MQS systems.

3. Model reduction of linear MQS systems. In this section, we consider
model reduction of the MQS system (2.2), where 14 is assumed to be constant in Q.
Then the matrix K77 in (2.4) does not depend on the semidiscretized potential a, and
we obtain a linear time-invariant DAE system

Ei = Az + Bu,

y— (3.1)

For model reduction of such a system, we can use balanced truncation as described in
[40] which is based on decoupling (3.1) into the slow and fast subsystems and reducing
them separately. Thereby, it is essential to ensure that no errors occur in the output of
the reduced-order fast subsystem meaning that only uncontrollable and unobservable
state components of the fast subsystems can be removed. Violation of these conditions
may lead to an inaccurate approximation and physically incorrect results, see [41].
Unfortunately, the model reduction approach from [40] requires the computation of the
spectral projectors onto the deflating subspaces of the pencil A — A corresponding
to the finite and infinite eigenvalues. Recently, some modifications of this approach
avoiding the spectral projectors have been presented in [13, 16, 43] for structured DAE
systems including semi-explicit DAEs of index 1, Stokes-type systems of index 2 and
mechanical systems of index 1 and 3, see also a recent survey [7]. They all are based
on an implicit index reduction and an equivalence between the Schur complement
linear systems and systems with the original system matrices. This idea can also be
extended to the structured MQS system (3.1).

3.1. Balanced truncation. We now apply a balanced truncation model reduc-
tion approach to the ODE system

Eii1 = Az + Bhu,

y = Cixy, (3:2)



with the system matrices
B — -M11 + XlRilX,lT XlRilXQTZ
7| ZTXoRTIXT ZTXSRT'XTZ)

A [ K Ki2Z ] [ Ky

T =1y,
27Ky ZTKnZ ZTKQJY(Y KaV) VK, K], o)
_ [ x “1
Bl - _ZTX2:| R )

= —(XQTXQ)_lXIQF (I — KQQY(YTKQQY)_lyT) [Kzl, KQQZ],

which is equivalent the DAE system (3.1). This approach relies on the controllability
and observability Gramians P and @ satisfying the generalized Lyapunov equations

APE{ + E,PAT = —-B, BT, (3.4)
ATQE, + EIQA, = —CIC. (3.5)

If the pencil AE; — A; is stable, i.e., all its eigenvalues have negative real part, then
these equations have unique symmetric, positive semidefinite solutions. The following
lemma shows that the matrices E; and —A; in (3.3) are both symmetric and positive
definite, and, hence, the pencil AE; — A; is stable.

LEMMA 3.1. If M1, K and R are symmetric and positive definite, then Fy and
—A; in (3.3) are symmetric and positive definite.

Proof. 1t follows from (2.14) that the matrix E; can be decomposed as

M 0
T 11
Fr=h [ 0 <X§X2>1/231<X2TX2>1/2] h

with a nonsingular matrix

_ 0
Xy )

Since M71 and R are symmetric and positive definite, the matrix F; is symmetric and
positive definite too.

Furthermore, observe that the matrix A; is the Schur complement of the sym-
metric, negative definite matrix

K K A K1 K27 KoY
7 { 11 12} TT = — | ZTKyy ZTKooZ | ZT KoY (3.6)
| YTKy YTKnZ | YTKyY |

with the orthogonal matrix

(L, 0
T=10 27|, (3.7)
0o 7

Therefore, —A; is symmetric and positive definite [20]. O

Note that for 2D models, the matrix K is positive definite. In the 3D case,
the gauge on the non-conducting subdomain guarantees the regularity of the pencil
AE — A, but it has zero eigenvalues. The stability of Aé — A and also of AF; — A



can be enforced either by full gauging or by projecting out the states corresponding
to zero eigenvalues. Due to the divergence-free property of the winding function, one
can show that such states are uncontrollable and unobservable and, hence, they can
be removed from the system without changing the input-output relation [28].

Let P = SST and Q = LL” be the Cholesky factorizations of the Gramians and
let

LTE\S = [Uh, Up] [21 20] Vi, Vol© (3.8)

be a singular value decomposition (SVD) of LTE;S, where the matrices [Uy, Up]
and [ V4, Vp] are orthogonal, ¥ = diag(oy,...,0,) and 3¢ = diag(oy41, . . .,0p) with
01> ...> 0, > 0py1 > ... > 0y called the Hankel singular values of (3.2). Then we
compute the reduced-order model

M san 9
by projection
Ei=WTEV, A =wTA,v, B, =W"By, C,=CV
with the projection matrices
W=rLUx; Y% v=sv572 (3.10)

An important property of balanced truncation is that the reduced-order model (3.9)
satisfies the error bound

|H — H|xn. = sup | H (iw) — H(iw)||2 < 2(0pp1 + ...+ 0n),
we

where

H(s) =C(s€ — A)tlB = Ci(sEr — A1) By,
H(S) = Cl(SEl — Al)_lBl

are the transfer functions of the original and reduced-order models, i = /—1, and || |2
denotes the spectral matrix norm, see [14]. Moreover, the balanced truncation method
preserves stability in (3.9). It should, however, be noticed that the preservation of
other properties, in particular, passivity cannot, in general, be guaranteed for this
method. In the following, we will show that system (3.2) is actually passive and,
fortunately, the balanced truncation method preserves passivity in the reduced-order
model (3.9).

DEFINITION 3.2. System (3.2) is called passive if for all inputs u : [0,t;) — R™
and x1(0) = 0 the corresponding output y : [0,t7) — R™ satisfies

/ ’ u(t)Ty(r)dr > 0.
0

It is well known [1] that system (3.2) is passive if and only if its transfer function
H(s) = C1(sE1 — A1)~1 By is positive real, i.e., H(s) is analytic for all s € C, where
C4 denotes the closed right half-plane, and H(s) + HT(3) > 0 for all s € C;.



Sufficient conditions for (3.2) to be passive are the conditions
E,=F{ >0, A +A] <0, C, = B{. (3.11)

By Lemma 3.1 the first two conditions in (3.11) are satisfied. However, the third
condition in (3.11) fails because, as it follows from (2.12¢) and (2.15), we have

C,=-BYE'A,. (3.12)

Nevertheless, passivity can be established for system (3.2).

THEOREM 3.3. If Mi11, K and R are symmetric, positive definite, then system
(3.2) is passive.

Proof. By Lemma 3.1 the matrices 4 and —A; are symmetric, positive definite,
and, hence, the transfer function H(s) is analytic for all s € C;. Taking into account
(3.12), we have

H(8)+HT(§) Cl(SEl —Al)_lBl +B?(§E1 —Al)_le
= F*(S)(—ElAfl(gEl - Al) - (SEl - Al)AflEl)F(S)
= 2F*(S) (RG(S)El(—Al)ilEl + El)F(S)

with F(s) = By 'A,(sEy — A1) "' B;. As Re(s)E1(—A;) " Ey + Ej is positive definite
for all s € C, the transfer function H(s) is positive real, and, hence, system (3.2) is
passive. O

The next theorem gives a useful relationship between the Gramians P and @ of
system (3.2), (3.3).

THEOREM 3.4. Let P and Q be the solutions of the Lyapunov equations (3.4)
and (3.5), respectively. If My1, K, and R are symmetric, positive definite, then

ElQEl = A1PA1. (3.13)

Proof. The left and right multiplication of the Lyapunov equations (3.4) and (3.5)
by ET L and Afl, respectively, yields

E;'A P+ PAE;'= -E;'B,BTE; ",
QEAT '+ AT'E\Q=—-E;'B,BfE .

Introducing P; = A1 PA; and Qs = E1QF1, these equations can be written as

Ei'P A + AT'P.E; = —E'B,BT B,
ErQuAT + ATNQuEy = —B BB By

Since Ps; and @ solve the same Lyapunov equation which is uniquely solvable, we
have Ps = @, and, hence, (3.13) holds. O

The relation (3.13) implies that once we compute the Cholesky factor S of the con-
trollability Gramian P = SST, the Cholesky factor L of the observability Gramian can
be determined from Q = E; 'A;SSTAE;" = LLT as L = —FE;'A,S. This implies
that the matrix LTE; S = —ST A, S is symmetric, positive semidefinite. Therefore,
we compute the eigenvalue decomposition (EVD)

Ay

—STAlS:[Ul, U0]|: A:|[U17 UO]Ta
0



10

instead of the more expensive SVD (3.8). Then the projection matrices in (3.10) take
the form
V =SUA Y W =—E'ASUN P = —ETA V.

Applying the Petrov-Galerkin projection to (3.2), we obtain the reduced-order model
(3.9) with

E,=WTE\V=-VTAE'EV =1,

A =WTAWV = AU STAET A S ULATY?,

By =WTBy, = —A;2UTSTA BBy,

Cy=CV =—BTE A, SUIAT Y2

(3.14)

We note that B, = E] >0, A, = AT < 0 and C; = BY, and, hence, system (3.9)
is passive. Thus, for system (3.2) with symmetric, positive definite matrices Fy, —A;
and the input and output matrices related by (3.12), the balanced truncation method
preserves passivity. It involves the numerical solution of one Lyapunov equation only
and the computation of the eigenvalue decomposition.

3.2. Numerical aspects. For solving the generalized Lyapunov equation (3.4),
we employ the low-rank alternating direction implicit (LR-ADI) method proposed
first in [24, 32] and then significantly improved in [4, 5]. The LR-ADI iteration for
the Lyapunov equation (3.4) has the form

Fy = (E1 + A1) 7Y,

Yk = Yk—l — 2Re(7‘;€)E1 Fk, (3.15)
Zk = [Zkfl, \/—2Re(7’k) Fk]
with the initial matrices Yy = B, Zy = [ ] and shift parameters 7, € C_. Then

the solution of (3.4) is approximated by P ~ Z, ZI' and Z;, € R™™* is said to be
a low-rank Cholesky factor of P. The LR-ADI iteration (3.15) can be stopped once
the residual

Mz, ZV BT+ B, 72, 28 AT+ B BT =V, V"
satisfies the condition ||V, YV,I'||r = ||V,LY,|lF < tol|| BI B,||F with a given tolerance
tol. Here, || - ||r denotes the Frobenius matrix norm.

The main computational effort in the LR-ADI iteration (3.15) is the numerical
solution of linear systems with the matrices 77 + A1. Note that although £ and A in
(3.1) are sparse, the matrices Eq and A; in (3.3) are, in general, dense. This prohibits
the use of iterative sparse linear system solvers. Therefore, F; and A; will never
be constructed explicitly, but instead their block structure should be exploited to
compute (7E; + A;) v for a vector v. The following lemma shows that this product
can be determined by solving a sparse linear system.

LEMMA 3.5. Let Ey and Ay be as in (3.3), Z = Xo(XIX,)" Y2, 7 € C and
[T, vF)T € Rm+™ . Then the vector

2= (B + A [Zj

can be determined as z = [21,(ZT 2)T]T, where 21 and zo satisfy the sparse linear
system
z1 U1
(T€E+A) | 22| = [Zva (3.16)

z3 0
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with € and A given in (2.3).
Proof. Multiplying system (3.16) from the left with the orthogonal matrix T as
in (2.9) and taking into account that Y7 Xy = 0 and YY7T + ZZT = I, we have

(TMi1 — Ki1)z1 —  K12Z(Z%2) —  KpY(YT2) +  Xizz = vy,
—ZTK2121 — ZTKQQZ(ZTZQ) — ZTKQQY(YTZQ) + ZTXQZg = V2,
—YTK2121 — YTKQQZ(Z ) - YTKQQY(YTZQ) = O,

T XTz + XTI Z(Z7 2) + —Rz3 =0.

Solving the third and fourth equations for
YTz = (YT KpV) ™' [YT Koy, YT K027 | { o } ,
7 Z9

_ V4
z3 = TR [X{, X]Z] [ZleJ

and substituting these vectors into the first and second equations, we obtain

(TEy + Ay) [ Z?ZJ = {Zj .

The nonsingularity of 7E; + A; implies that z = [T, (Z72)T]7. O

The convergence rate of the LR-ADI iteration (3.15) strongly depends on the
choice of the shift parameters. They can be determined, for example, from largest
and smallest Ritz values of the pencil AE; — A; computed by an Arnoldi procedure
applied to £ L4, and A;lEl, respectively, see [32]. Other approaches for computing
shift parameters can be found in [6]. Again, we can use the special structure of E;
and A; in (3.3) to construct the vectors By ' A;v and A7 ' Ejv required in the Arnoldi
procedure. First, we show that the computation of ¥ needed in A; can completely
be avoided.

LEMMA 3.6. Let Xo € R™™ be of full column rank, Koo € R™™ and w € R™2.
Assume that the columns of Y € R">"2~™ form a basis of ker(X7). If [21, 21T

solves the linear system
K22 X2 21| |w
a7 -6 10

then 21 =Y (YT KaY) 1Y Tw.

Proof. The second equation in (3.17) implies that z; € ker(X]) = im(Y'). Hence,
there exists g € R™ ™™ such that z; = Yg. Substituting this vector into the first
equation in (3.17) and multiplying it from the left with the matrix Y7, we obtain
YTKyYg=Y"w. Then z; =Yg =Y (YT KynY) 'YTw. O

Taking into account the structure of A; and E;* in (3.3) and (2.13), respectively,
and Lemma 3.6, the vector z = E; ' A,v can be computed by Algorithm 1.

Next, we consider the computation of the vector z = A;'F,v. Since A; is the
Schur complement of the matrix in (3.6), the vector z = [2], 2|7 = A ' E, v satisfies
the linear system

21
s K11 Kio| a7 {Elv]
—F 7 - , 3.18

{Kzl K22] Z 0 (3.18)
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Algorithm 1 Computation of EflAlv.
Input: Mpi, K11 € R"0™M | Ko € R™72 Ko € R™ ™M Koy € R™7™2 X7 € R™"0™,
Xy e R2™ ¢ =[] 0]]T € RmH™
Output: z = F; ' Ajv with By and A; as in (2.12a) and (2.12b), respectively.
1: Compute Vg = X2(XgX2)71/2'U2.
2: Solve the linear system

[Kzz X2] [21} _ [K21U1 +K22ﬁ2]

XQT 0 z9 0

3: Compute

-t 2
29 Ky Kaa| |02 Koo | ™

4: Compute wy = (XTI X5) 1 XT 2,.
5: Solve the linear system Mjjwi = 21 — Xqws.
6: Compute

2= [—(XEXQ)I/Q(XTUH — ng)} ’

with orthogonal T given in (3.7). For v = [v,vT]T, we introduce

f= 7T Eyv = 0 By — Miimn +X1R_1(X{fv1 4 (X2TX2)1/21;2)
0 0o z| X2R_1(X1TU1 4 (X,erg)lmvg)
and set
51 e |7
[2 ] =T |22 (3.19)
2 o

Then the linear system (3.18) can be written as
B Kol [2] f
Ko Kaa| |22] '

Using the orthogonality of [Z, Y], we obtain from (3.19) that

z1| | %1
z9 o ZT22 '
The computation of z = AflElv is summarized in Algorithm 2.
Finally, we present in Algorithm 3 the computation of the reduced-order matri-

ces A1, By and C; as in @'14)' :l’he first three steps there are similar to those in
Algorithm 1. Computing Z; and Zs in Step 3 of Algorithm 3, we have

-W;
(X3 X,) V(X W, — RWs) |’

7

AV = N
VO (XTXy) " V2XT 2,

], W:—El_lAlV:[
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Algorithm 2 Computation of AflElv.
Input: Mpi, K11 € R"0™M | Ko € R™72 Ko € R™ ™M Koy € R™7™2 X7 € R™"0™,
Xy e R2™ ¢ = [l [ oI]T € Rm+m,
Output: z = A]'Ejv with E; and A; as in (2.12a) and (2.12b), respectively.
1: Compute w = R™HX{ vy + (XT Xo)'/20y).
2: Solve the linear system

o B

Ko Koo |22 Xow

3: Compute

_ 21
o [(XzTXz)l/QXzTéJ '

Algorithm 3 Computation of the reduced-order matrices.
Input: My, K13 € R""™ | K15 € R™"™2 ) Ko € R"2:™ ) Kop € R™72 X € R*"™)
Xy e R™™ ReR™™ and V = [V, VI]T € Rmtmr,
Output: Ay, By and () as in (3.14).
1: Compute Vo = X2(X§X2)71/2‘/2.
2: Solve the linear system

Koy Xo| |Z1] _ Ko Vi + Koo Vs
X7 0| |% 0 '

3: Compute
|:Z:1:| |:l<11 l<12] |:LA1:| |:}<12:| Zl
22 K21 K22 ‘/2 K22 ’

4: Compute C?l = —()A(QTXQ)iaXQTZAQ andA Bl = Cflr _ _
5. Compute Ay = —(Z1 + chl)TMﬂl(Zl +X1Ch) — CfRCl.

where Wy = (Xng)_lXQTZg and Wy solves M1 Wy = Z1— X1 W, (compare Steps 4-6
in Algorithm 1). Then exploiting the block structure of A; and B; in (3.3), we obtain

Cy = BfW = R (—X{W, + X[W, — RW,) = -W, = BY,
Ay = WTAV = -WFZ + (WEX, = WER)(XT X,) ' XT Z,
= _(Zl - X1W2)TMﬁl(Zl - X1W2) - WQTRWQ'

This justifies the last two steps in Algorithm 3.

4. Model reduction of nonlinear MQS systems. In this section, we con-
sider model reduction of the nonlinear MQS system (2.2) using the proper orthogonal
decomposition (POD) approach, e.g., [44], combined with the discrete empirical in-
terpolation method (DEIM) [11].

4.1. Proper orthogonal decomposition. The POD method applied to the
nonlinear DAE (2.2) consists in constructing a snapshot matrix X = [z(t1), ..., 2(¢4)]
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and computing the SVD
by
X:[Uv U0]|: E:|[Va‘/0]T
0

with ¥ =diag(o1,...,0,), Bo=diag(o,+1,...,0q) and 01>...> 0y > 0py1> ... > 0.
Then a reduced-order model can be determined by projecting
i = A(@) i+ Bu,

Ga (4.1)

<
I

where & € R", £ = UTEU, A(&) = UTA(UZ)U, B=U"B, and C = CU. The columns
of U are referred to as the POD basis of X. This naive model reduction approach
has several disadvantages. First note that the differential and algebraic components
of the state vector x are mixed in the reduced-order model (4.1). Secondly, it is well
known that the reduction of the algebraic components and the algebraic constraints
in DAEs may lead to inaccurate and physically meaningless results, see [40].

To overcome these difficulties, we propose, as in the linear case, to transform the
DAE (2.2) to the ODE form (2.8) with z; = [a], af; ]T and reduce the vector a;
only, remaining as; unchanged since it usually has only a few components. This can
be done by partitioning the transformed snapshot matrix

X,
X,

— a21
TX = Py

az2

X,

in blocks according to T in (2.9) and computing the SVD

. Yo, 4T

Xay = [ Uas, Uy | o | [V V| (4.2)
ay

where ¥,, € R™" contains the dominant singular values of X,,. Then the reduced-

order model is obtained by projecting

Eli'l = /11(52‘1)@1 +B1’u,

_ = 4.3

y = Ciay, (4.3)

where 1 = [af,ad}]", By = UTE\WU, A1(21) = UTA1(U#1)U, By = UBy, and
C1 = C1U with the projection matrix

U= [U‘“ Im] . (4.4)

Note that the snapshot matrix X,, is determined by solving the DAE (2.2) and,
similarly to the linear case, see Algorithm 3, the reduced-order matrices in (4.3) can
be computed from (2.2) without forming the system matrices (2.12), (2.15). The
proposed model reduction approach for the DAE (2.2) is referred to as first transform
(to the ODE form), then reduce. On the other hand, we can first reduce the DAE
(2.2) using the projection matrix

U,
ZT
YT

I,
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and then transform the resulting system to the ODE form by eliminating the alge-
braic components. It turns out that for the DAE (2.2), these two approaches are
equivalent in the sense that they provide the same reduced-order models. This does
not necessarily hold for general DAEs.

4.2. Discrete empirical interpolation. In order to speed up the simulation
of the reduced-order model (4.3), we employ further the DEIM [11] for efficient eva-
luation of the nonlinearity

Ay (21)E = UT A (U)U . (4.5)

Taking into account the structure of the matrix A;(z1) in (2.12b), the nonlinearity
Aj(x1)xy of system (2.8) can be written as

Ar(z1)z = Az, + {f (31)}

with a constant matrix

K1, K27 } [ Ko

Ar=- 2T Koy ZTKopZ| " | ZT Kas

-1
]Y(YTKQQY) YT [Ka1, KnZ)

and a nonlinear function f(a1) = K11,,(a1)ar. Collecting the snapshots

Xr = [f(a1(t1)), .., flar(ty))] (4.6)

we compute the SVD
X = |0y, Uy | [E-f Ef] Az f/fr, (4.7)

where Xy € R%’ contains the dominant singular values of X'y. Then the nonlinear
function (4.5) can be approximated by

Ay (573 = UT A (U UG ~ UT A UZ + [f(gl)} (4.8)
with

far) = UL Up(SEUp) ™' SEf(Ua,n), (4.9)

where K = {k1,...,k¢} is a DEIM index set determined from Uy using the Greedy
algorithm as described in [11] and Sk = [ek,, ..., exr,] € R™¢ is the selector matrix
associated with K. Here, e; denotes the j-th column of the n; X ny identity matrix.
Note that the time-independent matrices UT AU and UL Us(SEUs)~! can be pre-
computed and stored in the offline stage. Then in the online stage, we evaluate only
¢ components of the function f(U,, a;1) given by

fe(Uaya1) :/

ni ni
n(V x Y @) (V x > dipi) - (V x i) dé, ke, (4.10)
2 i=1 i=1

where U,, a1 = [a1,...dn,])T. A further reduction in computational complexity can
be achieved by taking into account that the integrals in (4.10) have to be computed
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on supp(pg), k € K, which are small subdomains of 2. As a consequence, only a few
components of the vector U,,d; are required to evaluate SE f(U,,a1). To find such
components, we introduce an index set

Kewtr = { i€ {l,...,n1} : supp(p;) Nsupp(px) # 0 } (4.11)

where supp(gx) denotes the interior of supp(py). With this extended index set we
have

ny
Sawi= 3 Gups on supp(pr).
=1

ie’Cemt,k

Then the integral (4.10) can be simplified to

fiUa,a1) = / n([Vx D apl®)(Vx D awp)- (Vxer)de, kek.
Supp(wk) ielcemt,k ielcezt,k

One can see that to evaluate the function SE f(Uy, a1), we do not need all components

of Uy, a1 € R™, but rather only those from the index set

Icemt = U Icext,k-
kex

The number of elements of K., denoted by |Kezt|, is much smaller than n;. In this
case, we can shortly write

S%f(Ua1d1> = f(SE Ualdl)v (412)

ext
where Sk, is the selector matrix associated with KCepr and f : RICeatl 5 R coincides
with SE f but unlike Sif depends on the selected components of Uy, a; only. Thus,
we can calculate the DEIM approximation f(d;) = ul Uf(S,:gUf)_lf(S’,aztUaldl)
independently from the original size n;.

We consider now the reduced-order model (4.3) with A;(#;)Z; replaced by the
POD-DEIM approximation as in (4.8), (4.9). Integrating this system in time using
a one-step or multistep method [15], we face with the problem of solving a sequence
of systems of nonlinear equations. For this purpose, we employ the Newton iteration
which requires the computation of the Jacobi matrix J f(dl) of the nonlinear function

f at @;. This matrix has the form
Jp(ar) = Ug Up(SEUR) T ST (U, a1) Uy,

where J¢(U,, @1) is the Jacobi matrix of f at Uy, @1. In the case of the sparse matrix
SEJr(U,,a1), we introduce an index set

T={Gj) + (SciUni);;#0)}

of non-zero entries of this matrix. Let O ;) € R%™ have all zero entries except for the
(i,7)-th entry being 1. Then the Jacobi matrix J f(dl) admits an affine representation

Jia) = Y ULUp(SEUR) O jyUay (SET; (Uay@n)),
(if)ed
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where the time-independent matrices UL Up(SEUf) ™10 ; j)Ua, € R™™ can be pre-
computed and stored in the offline phase, and only a small number of the time-
dependent functions (S,:ng(Ualdl))i e (i,7) € J, have to be evaluated in the online
phase.

4.3. Matrix discrete empirical interpolation. An alternative approach for
the efficient evaluation of the Jacobi matrix J f(&l) in the online stage is based on
a matrix discrete empirical interpolation method (MDEIM) [46]. Our goal is to find
an approximation

p
SI,ch‘]f'(Ualdl) ~ Z Vi gl(Ualdl) (413)
=1

with V; € R4™ | g;(U,,a1) € R and p < ny. Then the reduced Jacobi matrix Jf(dl)
is approximated by

p
Jp(ar) = Y UL Up(SEUS) 'V, Uy, 91(Uay @),
=1

where the time-independent reduced matrices U, :;Fl Up(SEUs) VU, , can be pre-com-
puted and stored in the offline stage, and only the evaluation of the p scalar functions
91(Uq, @1) is required in the online stage.

The MDEIM approximation of SiJ¢(U,,a1) can be determined by DEIM using
the vectorization operator [46]. Here, we use an efficient formulation of MDEIM
proposed first in [42]. To find the MDEIM approximation (4.13), we collect the
snapshots Ji = SEJ¢(ai(th)), ..., Jg = SEJr(a1(ty)) and construct a matrix

(Ji,Ji)p - (J1,Jg)F
<Jq7J1>F <Jq7Jq>F

where (J;, J;) = trace(.J]J;) denotes the Frobenius inner product of the matrices .J;
and J;. The matrix &y is symmetric and positive semidefinite. Computing the EVD

Xy = {WJ, WJ} [AJ AJ {WJ, WJ}T, (4.15)

where A; € RP'P contains p dominant eigenvalues of X’;, the POD basis matrices V;
can then be determined as

q
Vi=> Jywy, I=1,...,p, (4.16)
k=1

where wy; are the entries of the matrix WJA;U2 € R?P, Note that the basis matrices
V; in (4.16) have the same sparsity pattern as SiJp(U,,@1) and, as the following
lemma shows, they are orthogonal with respect to the Frobenius inner product.

LEMMA 4.1. The matrices Vi in (4.16) fulfil (Vi,V;)r = 015, where &y, is the
Kronecker delta.
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Proof. Tt follows from the EVD (4.15) and (4.16) that

trace ( (; kakl) ! (é Jiwij)> Z Z wii (Ji, Ji) FwWij

— (ATWTX,W,AST) =&,
_(J JJJJ)[_’j_lJ'

Having V;, the functions g¢;(U,,a1) are calculated from the condition that the
selected components of the matrix SL.J;(U,,a1) and its approximation in (4.13) co-
incide, i.e.,

(S/CJf(Ualal) (ngl Ua, a1 ) Z ;9 (Uq,a1) (4.17)

=1 =1

for some (7,7). Such components are determined successively from the basis matri-
ces Vi,...,V, using the MDEIM-Greedy procedure presented in Algorithm 4. This
procedure is an generalization of the DEIM algorithm [11] to the matrix case.

Algorithm 4 MDEIM-Greedy procedure.

Input: V4,...,V, € Ré™

Output: Set of indices Z = {(i1, j1),. - ., (ip, Jp)}-
1: Find (7:17].1) = arg max |(‘/1)1J|

1<i<¢
1<j<n

2: T={(ir,1)}, G1 = (Vl)il-,jl'
3: for /| =2 to p do

T
4: Set b = I:(‘/l)il-,jl""’(‘/l)il—lyjl—l}
5. Solve Gi_1c="bfor c=[c1,...,¢-1]7T.
-1
6: Compute R; =V, — E Vier.
k=1
7 Find (il;jl) = arg max |(Rl)1j|
1<i<?
1<j<m
8: I(—IU{(il,jl)}
G- .
9: G = |: v ! (‘/l)il,jl with v = [(Vl)iz,jzv"'7(W—1)iz,jz]

10: end for

The following lemma shows that the matrix G, in Algorithm 4 is nonsingular,
and, hence, we get from (4.17) that

gl(Ua1 C~L1) (S Jf(Ulll al))“)h
; =G, "(Uqg,a1) with 9(Ug 1) =
gP(Ullldl) (STJf(Umal))Zp .
LEMMA 4.2. The matrices Gy, l = 1,...,p, in Algorithm 4 are nonsingular.

Proof. The result can be proved by induction. First, we note that G1 = (V1) j, #0
for (i1, 1) as in Step 1 of Algorithm 4. This property immediately follows from V; # 0.
Assume that G;_; for [ > 1 is nonsingular. Then using b = G;_1¢ we get

I —C} o [Gl—l 0

v (Vi)irgs — e (4.18)
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By Lemma 4.1, the matrices Vi,...,V, are linear independent, and, hence, R; # 0.
This implies that (V)i ;, — ve = (Ri)i, 5, 7 0 for (i, ;) as in Step 7 of Algorithm 4.
Then the matrix in the right-hand side of (4.18) is nonsingular, and, thus, G, is
nonsingular too. 0

Similar to the nonlinearity f(U,,a1) in (4.12), for the MDEIM index set
Z={(1,/1),---,(ip,Jp)}, the vector-valued function #(U,,a1) depends only on a few
components of Uy, a; which are determined by an extended index set

Tewt = U { le{l,...,n} : sucf)p(gpl) N sucf)p(gai) N sucf)p(gaj) #0 } (4.19)
(1,7)€Z

To emphasize the dependence on the selected components, we introduce a new func-
tion

V(SE Ugar) = 9(Ua,a1), (4.20)

where Sz,__, is the selector matrix associated with Zu;.
An exemplary construction of the index sets Key¢ and Z.,; and the corresponding
integration domains are presented in Figure 1.

FiG. 1. An example for the (extended) index sets and the integration domains: (a) K = {6}
and Kezt = {1,2,3,4,5,6} for a vector-valued function; (b) Z = {(6,3)} and Zest = {2,3,4,6} for
a matriz-valued function.

4.4. Offline-online decomposition. As it was mentioned above, the model
reduction procedure and simulation of the resulting reduced-order model admit the
decomposition into a computationally expensive offline stage and a rapid online stage.
The offline stage includes the following steps:

1. Compute the snapshot matrices X,, = [a1(t1),...,a1(¢,)] and Xy as in (4.6).
2. Construct the POD projection matrices U,, € R™" and Uy € R™* from the

SVDs (4.2) and (4.7), respectively.

3. Select the index set K = {k1, ..., k¢} using DEIM applied to Uy. For all k € K,

construct ezt 1 as in (4.11) and set Kegr = U Kext k-

keKx
4. Compute the snapshot matrix Xy as in (4.14) and construct the basis matrices

Vi,...,Vp, € RE™ asin (4.16) using the EVD (4.15).
5. Select the index set Z = {(i1,/1),-.--, (ip,Jp)} using MDEIM applied to the
matrices Vi,...,V, and construct Z.,; as in (4.19).
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6. Compute and store the time-independent matrices
Ey =UTEWU € Rmtmritm,
Bl = UTBl S RTler"m, él =C1U € Rm’thm,
A =UTAU € RTmmtm with U as in (4.4),
W = UgUf(S%Uf)_l € R™¢ with Sk = [ekl, ceey e;w],
U;Cm:S,%mUale RIKeetlm1 with the selector matrix Sk
Vi=WVU,, eR+"™fori=1,...,p,
Uz,, =57 Ui € RIZeztl:m1 with the selector matrix Sz,,, associated with Ze,+,
(Vl)il-,jl T (Vp)ihh

Go=| : . i |erer

WVigsp = (V)i.gy
Then in the online stage, we solve the POD-DEIM reduced-order model

associated with Keyy,

ext

where

and f is as in (4.12). The approximate Jacobi matrix of fi at #; is given by
P
N g1(an)
e i Vi gi(ar) . : “1 .
Ji (T1) = A+ ; Lo with : =G, YW(Uz,,,a1),
0 gp(dl)
where 9 is as in (4.20). One can see that all computations in this stage do not depend
on the original dimension n, + m that significantly reduces the computational cost.

5. Numerical experiments. In this section, we present some results of nume-
rical experiments for model reduction of linear and nonlinear MQS models describing
a single-phase 2D transformer with an iron core and two coils as shown in Figure 2,
see [36] for detailed description and geometry data.

o % % . O,

Fic. 2. Single-phase 2D transformer and transformer equivalent circuit.

o
®
N

For the FEM discretization, we use the free available software FEniCS*, whereas
the time integration is done by the solver IDA from the simulation package Assimulof.

*http://fenicsproject.org
Thttp://www.jmodelica.org/assimulo
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FiGc. 3. Linear MQS model: (a) the frequency responses of the original and reduced-order
models; (b) the absolute error in the frequency domain and the error bound .

The dimensions of the spatially discretized MQS system are n, = 17731, n; = 7200,
no = 10531 and m = 2. We choose the material parameters o; = 5-10° Q" 'm~! and
vy =1 AmV~'s™!. Furthermore, we take v; = 14872 AmV ~'s~! for the linear model
and v1(n) = 3.8 exp(2.14n) + 396.2 AmV ~!s~! for the nonlinear system.

Example 1. First, we apply the balanced truncation model reduction method to
the linear transformer model as described in Section 3. The controllability Gramian P
was approximated by a low-rank matrix P ~ ZﬁZg with Z; € R™"™ computed by the
LR-~ADI method (3.15). Here, n = 7202 and nn = 36. The resulting Hankel singular
values decay very rapidly implying that the MQS system can be well approximated by
a model of low dimension r. We approximate the original system by a reduced model of
order r = 5. Figure 3(a) shows the spectral norms of the frequency responses || H (iw)||2
and ||H (iw)||2 of the full and reduced-order models for w € [1078,108]. In Figure 3(b),
we present the absolute error in the frequency domain given by || H (iw) — H (iw)||2 and
the error bound computed as

y=2(0r41+ ... +oa1+ (n—7+1)os) =8.967-107".

Figure 4(a) shows the components of the output vectors y(t) = [y1(t), y2(t)]7 and
§(t) = [§1(t),52(t)]T of the original and reduced-order models, respectively, on the
time interval [0,0.01]s resulting for the input

0[5 103 sin(9007t)
Y= 77103 sin(1700mt) |

The relative error |y(t) — g(¢)||/|ly(t)]| in the output is presented in Figure 4(b). One
can see that the errors in the frequency and time domains are both small.

Example 2. In the second example, we examine model reduction of the nonlin-
ear transformer model using the POD-DEIM-MDEIM method. The snapshots were
collected for the training input u(¢) and the reduced-order model was then tested for
the input wiest(t) given by

u(t) = 45.5 - 10° sin(9007t) e () = 46.5 - 10° sin(15007t)
~ | 77-10%sin(17007t) |’ testA) T 1 78 - 103 sin(10007t) |
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Fic. 4. Linear MQS model: (a) The output components of the original and reduced-order
models; (b) the relative error in the output.

Figure 5 shows the singular values ofOD and U}DEIM of the POD and DEIM snapshot
matrices X,, and X, respectively, as well as the eigenvalues )\?/IDEIM of the MDEIM
snapshot matrix X;. We assume that the singular values and the eigenvalues are
ordered decreasingly. Based on these values, the reduced dimensions were chosen as

POD: r = 38, DEIM: ¢ = 3, MDEIM: p =3

with the relations

POD DEIM MDEIM
039 A4

—1077, Z__ _98.1072,

e S =2.1-1075.
UIIDEIM

afﬁ W
The reduced model has the dimension r = r1 + m = 40. Note that the matrix
S’%J ¢ € R37290 has only 19 nonzero entries. Using the MDEIM method, this dimen-
sion can further be reduced resulting in evaluation of 3 entries only. The extended
index sets Koyt and Zeyy have |Keypt| = 17 and |Zeqt| = 14 elements.

In Figure 6(a), we present the output components of the original and POD-DEIM-
MDEIM-reduced models, whereas the relative errors

ly(t) — 5]
t
hax lly(®)]]

for the POD-, POD-DEIM- and POD-DEIM-MDEIM-reduced models are given in
Figure 6(b). We observe that the errors are about the same for all three reduced
models meaning that the errors introduced by DEIM and MDEIM are negligible
compared to the POD error.

6. Conclusion. In this paper, we have considered model order reduction of
linear and nonlinear MQS systems arising in electromagnetic simulations. The FEM
discretization of the underlying Maxwell’s equation leads to a DAE system of index
one with a very special block structure. Our model reduction approach is based
on transforming the DAFE system into the ODE form by eliminating the algebraic
components and reducing the differential components only. For model reduction of
the linear MQS system, we have used a balanced truncation method. It was shown
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FI1G. 6. Nonlinear MQS model: (a) the output components of the original and reduced-order
models; (b) the relative errors in the output.

that under certain symmetry conditions the linear MQS system is passive and the
Lyapunov-based balanced truncation method preserves passivity in the reduced-order
model. The nonlinear MQS system was approximated by the POD method combined
with DEIM and MDEIM. For fast evaluation of the Jacobi matrix, we have presented
an efficient modification of MDEIM which avoids the vectorization of the snapshot
matrix.
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