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NUMERICAL SOLUTION OF PROJECTED ALGEBRAIC RICCATI
EQUATIONS*

PETER BENNER' AND TATJANA STYKEL?

Abstract. We consider the numerical solution of projected algebraic Riccati equations using
Newton’s method. Such equations arise, for instance, in model reduction of descriptor systems based
on positive real and bounded real balanced truncation. We also discuss the computation of low-rank
Cholesky factors of the solutions of projected Riccati equations. Numerical examples are given that
demonstrate the properties of the proposed algorithms.
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1. Introduction. Consider generalized algebraic Riccati equations of the form
(1.1) H+ FXET + EXFT + EXGXET =0,

where E, F, G, H € R™" are given matrices and X € R™" is unknown. If E is
nonsingular, then (1.1) can be transformed into a standard Riccati equation with
E = I,. Such equations arise in many control problems for dynamical systems,
including the linear-quadratic optimal regulator problem, Hs/H., controller design,
spectral factorization, and balancing-related model reduction, e.g., [19, 21, 28, 31].
The generalized Riccati equation (1.1) with singular E occurs in control problems for
differential-algebraic equations or descriptor systems [3, 31, 45]. Unfortunately, the
analysis of such an equation is more complicated compared to the standard case. In
the literature, different types of generalized Riccati equations have been introduced
for descriptor systems, e.g., [25, 26, 36, 50]. However, most of them are restricted to
index one problems.

In this paper, we study the projected algebraic Riccati equation (PARE) of the
form

(1.2) PHP' + FXET + EXFT + EXGXET =0, X=PXPT,

where the pencil AE— F is assumed to be regular, i.e., det(A\E—F') # 0 for some A € C,
and P, and P, are the spectral projectors onto the right and left deflating subspaces
of AE — F' corresponding to the finite eigenvalues along the right and left deflating
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subspaces corresponding to the eigenvalue at infinity. We will also assume that G
and H are both symmetric and positive semidefinite. Such equations play a funda-
mental role in positive real and bounded real balanced truncation model reduction of
descriptor systems [35, 36].

For standard Riccati equations many different numerical methods have been pro-
posed over the last 30 years; see the recent book [12] on this topic. These are the
Schur vector method [29], the sign function method [14], the structured doubling al-
gorithm [15], Krylov subspace methods [22, 23], and symplectic methods [13]. All
these methods rely on a Hamiltonian eigenvalue problem. Another approach is based
on considering the Riccati equation (1.1) with F = I,, as a system of nonlinear equa-
tions. Such a system can be solved by Newton’s method [4, 9, 27, 44]. In this paper,
we present an extension of this method to the PARE (1.2). Based on a preliminary
draft of this paper, the Newton—Kleinman iteration for the PARE (1.2) was already
employed in [36]. We are not aware of any other approach to solve PAREs.

Throughout the paper, the open left half-plane is denoted by C_. The matrices
AT and A* stand for the transpose and conjugate transpose of A, respectively, and
AT = (A=HT. An identity matrix of order n is denoted by I,, or simply by I. For
symmetric matrices A, B € R™" we write A > B (A > B) if A — B is positive
definite (semidefinite). We denote by [|A|l2 and ||A[/r the spectral and Frobenius
matrix norms of A € R™™,

This paper is organized as follows. In section 2, we discuss the solvability of the
PARE (1.2). In section 3, we present Newton and Newton-Kleinman iterations for
solving this equation. We also study the convergence of these methods and discuss
the computation of a stabilizing initial guess. Section 4 contains low-rank versions
of Newton-type methods. Finally, some results of numerical experiments for the
presented algorithms are reported in section 5.

2. Preliminaries. In this section, we give basic definitions and some notations
from matrix analysis and control theory that will be used in the following. We also
study the solvability of the PARE (1.2).

Any regular pencil AE'— F' can be transformed into its Weierstrass canonical form

I 0 F 0
_ ny _ f
(2.1) E="1T {0 E ]TT, F=T {0 Inm:| T,

where Tj and T are the left and right nonsingular transformation matrices, Fy € R"/"
and FE, € R™=">< are matrices in Jordan canonical form, and F, is nilpotent with
index of nilpotency v; see [17]. The eigenvalues of F are the finite eigenvalues of
AE — F, and F, corresponds to an eigenvalue at infinity. The number v is called
the index of A\E — F. The pencil A\E — F' is called stable if all its finite eigenvalues
have negative real part. Using the Weierstrass canonical form (2.1), the spectral
projectors P, and P, onto the right and left deflating subspaces of the pencil AE — F
corresponding to the finite eigenvalues can be represented as

— 71 I”f 0
(2.2) P =T [ T o 0

In, Of o
0 o]’ B:Tl[ f }Tll'
A triple (E, F, G) is called stabilizable if rank[\E — F, G] = n for all A € C\ C_.
A triple (E, F, H) is called detectable if rank[ \ET — FT HT | =n forall A € C\ C_.
A solution X, of the PARE (1.2) is called stabilizing if X, is symmetric and the pencil
AE — F — EX,.GP, is stable. If this pencil has all finite eigenvalues in the closed left
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half-plane, then the symmetric solution X, of (1.2) is called semistabilizing. The
following theorem gives sufficient conditions for the existence of a unique stabilizing
solution of (1.2).

THEOREM 2.1. Consider the PARE (1.2) with G = GT >0 and H= H* > 0. If
(E, F,G) is stabilizable and (E, F, H) is detectable, then (1.2) has a unique stabilizing
solution X,.

Proof. Let AE — F be in Weierstrass canonical form (2.1) and let the matrices

G11 G12 Hll H12
G=T1T T. H=T 77,
(2.3) T [Gsz GZQ] T | {Hsz HZQ] |
' Xn X
X — Tf]_ 11 12 TfT
" [le Xoa| "

be partitioned into blocks accordingly to E and F'. Since G and H are both symmetric
and positive semidefinite, the matrices G1; and Hi; are also symmetric and positive
semidefinite. Substituting (2.1), (2.2), and (2.3) into the PARE (1.2), we obtain that
any solution of (1.2) has the form

(2.4) X=1" [‘Xgl 8} T,

where X7 satisfies the standard Riccati equation

(2.5) Hyy + Fp X1+ XuFf 4+ X1Gu X = 0.
Since (E, F, Q) is stabilizable, we have

M — Fy 0 G Gz
0 AEo — I GT, Goo

= No —I—rank[/\I—Ff, Gll, Glg]

n =rank[ \E — F, G] = rank

for all A € C\ C_. Then
(2.6) rank[ A\l — Fy, Gi1, Gi2] = ny forall Ae C\ C_.

We now show that rank[ \[ —Ff, G11] = ny for all A € C\C_, i.e., the pair (Fy, G11) is
stabilizable in the classical sense. For this purpose, consider the Cholesky factorization
G = G,G¥. Then for T,77G, = [TT, TT 1T, we have

Gi1 G T 1 o TTY
=T 'GT " = .
G G =men = |prh

Assume that rank[ Aol — Fy, G11] < ny for some A\g € C\ C_. In this case, there
exists v # 0 such that v*[\ol — Fy, G11] = 0. Then 0 = v*G11v = v*T\T{ v implies
v*T1 = 0 and, hence,

v* [Nl — Fy, Gi1, Gi2] = v* [Nl — Fy, VT, T\ T3 ] = 0.

This contradicts (2.6).

Analogously, we can show that the detectability of (E,F,H) implies the de-
tectability of the pair (Ff, Hi1) in the classical sense. In this case, the Riccati
equation (2.5) has a unique symmetric solution X1; such that all the eigenvalues
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of Fy + X11G11 have negative real part; see [28, Chapter 8]. For this X1, the matrix
X in (2.4) is symmetric and the pencil \E — F — EXGP, is stable. Thus, the PARE
(1.2) has a unique stabilizing solution. O

Note that in Theorem 2.1 we make no assumptions about the index of the pen-
cil \E — F. Similar to the standard case with E = I (see [28, section 8.5]), the
detectability condition can be weakened. If only a semistabilizable solution of (1.2)
is required, then also stabilizability can be relaxed. Moreover, for projected Riccati
equations arising in passivity-preserving balanced truncation of structured passive
circuit equations, these conditions can be removed at all [35].

3. Newton’s method. Observing that the first equation in (1.2) is a system of
nonlinear equations, we can solve it using Newton’s method.

Let P be a projector and let Sp = { X € R*" : X = XTand X = PXPT}.
Consider a Riccati operator R : Sp, — Sp, given by

R(X)=PHPT + FXET + EXFT + EXGXET".

The Frechét derivative of R at X € Sp, is a linear operator R’y : Sp, — Sp, defined as

Rl (V) = lim %(R(X 1 8N) — R(X))

—0

for N € Sp.. Taking into account that N = P.N = NPT we have
R'x(N) = (F+ EXGP,)NET + EN(F + EXGP,)".
Then Newton’s method for the PARE (1.2) can be written as
Nj = —(Rlx,) " (R(X;)),
Xjr1 =X, +Nj.

The standard formulation of this method is given in Algorithm 1.

ALCGORITHM 1. Newton’s method.
INpPUT: B, F,G,H € R™", projectors P, and P, a stabilizing initial guess Xo € Sp,.
OuTpPUT: An approximate solution of the PARE (1.2).
FOR j=0,1,2,...
1. Compute F; = F + EX;GP,.
2. Solve the projected algebraic Lyapunov equation (PALE)

(3.1) F;N,E" + EN;F]' = -PR(X;)P, N;=P.N,Pl.

3. Compute X1 = X; + Nj.
END FOR

As in the standard case [27], we can combine the second and third steps in Al-
gorithm 1 and compute the new iterate X;; directly from the projected Lyapunov
equation as presented in Algorithm 2.

Although Algorithms 1 and 2 are mathematically equivalent, they behave dif-
ferently in finite precision arithmetic and there are significant differences in their
implementation especially for large-scale problems. We will compare the Newton and
Newton-Kleinman methods in section 4.5.

Remark 3.1. Due to X; = P.X; and P E = EP,, the matrices F; in Algorithms 1
and 2 satisfy F; = F + EX;GP. = F + PEX;GP,. Then using the Weierstrass
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ALGORITHM 2. Newton—Kleinman method.
INpUT: E,F,G,H € R™", projectors P, and P}, a stabilizing initial guess Xy € Sp, .
OuTPUT: An approximate solution of the PARE (1.2).
FOR j =0,1,2,...
1. Compute F; = F + EX;GP,.
2. Solve the PALE

F;X; BT + EX; | F' = -P/(H - EX,GX,;E")P[,

X4 =P.X; Pl

(3.2)

END FOR

canonical form (2.1) and representations (2.2), we obtain that P, and P, are the
spectral projectors onto the left and right deflating subspaces corresponding to the
finite eigenvalues not only of A — F but also of \E — F).

3.1. Convergence. First, we investigate the convergence of Algorithms 1 and 2.
The following theorem establishes that the PALEs (3.1) and (3.2) are solvable and the
iterate X; converges in both algorithms to a stabilizing solution of the PARE (1.2)
for every stabilizing Xy € Sp, .

THEOREM 3.2. Let Xo € Sp, be chosen such that the pencil \E — F — EXoGP,
is stable. Assume that the PARE (1.2) with G = GT > 0 has a unique stabilizing
solution X.,.

Then for the iterate X; in Algorithm 1 or 2, we have

(i) the pencil \E — F; with F; = F + EX;GP, is stable for all j > 0;

i) X1 <Xo<---<X; <Xy << Xy

(i) limj oo X; = X and lim;_, o R(X;) = 0;

(iv) there exists a constant v > 0 such that | X, — Xj41| < 7| Xs — X;||* for

Jj > 1, i.e., the iterate X; converges globally and quadratic to X,.

Proof. This theorem can be proved in two different ways. The first approach is
based on transforming the pencil AE — F into the Weierstrass canonical form (2.1)
and applying the classical convergence results [5, 44] to the standard Riccati equation
(2.5). On the other hand, these results can be reformulated in terms of the original
data. We choose the second approach.

(i) The stability of A\E — Fj with F; = F + EX;GP,, j =0,1,..., can be proved
by induction. The pencil A\E — Fj is stable by the choice of Xjy. Assume now that
AE — Fj is stable. Then the PALE (3.1) has a unique symmetric solution N; [40].
Since X is symmetric, the iterate X, ;1 = X; 4+ Nj is also symmetric. Subtracting
the PALE (3.2) for X;;1 from the PARE (1.2) with X replaced by X,, we obtain
that the difference Dj11 = X, — X4 satisfies the PALE

(3.3)  F;DjET + EDj 1 Ff = ~PED;GD;ETPF, Dj.1=P,D;\PT.

Since AE — F} is stable and the right-hand side in the first equation in (3.3) is symmet-
ric and negative semidefinite, then (3.3) has a unique symmetric, positive semidefinite
solution Dj1; see [40]. Thus, X411 < X,.

We now show that AE — Fjy; is stable. The first equation in (3.3) can be
written as

(34)  F; DjpE" + ED;j 1 F),, = —ED; 1GD; 1 ET — EN;GN,E".
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Assume that A\E — F;q has an eigenvalue \g with Re(A\g) > 0. Let v = Pv be a left
eigenvector of A\l — Fj; 1 corresponding to Ag, i.e., A\gv*E = v*Fj, 1. Premultiplying
(3.4) by v* and postmultiplying by v, we obtain that

2Re(X\o)v*ED;j1ETv = —v*ED;1GD;j 41 ETv —v* EN;GN; ETv.

Since D41 and G are both symmetric, positive semidefinite and Re(Ag) > 0, we have
GDj+1ETv =0 and GNjETv = 0. Then

U*Fj = U*(F—F EXJGPT) = U*(F—F EXJ'+1GPT) = U*Fj+1 = )\0’U*E.

This contradicts the stability of AE — F;. Thus, AE — Fj1; is stable.
(ii) Tt follows from the equations (1.2) with X = X, and (3.1) that

(3.5) R(X;) = EN; 1GN; 1E", j>1.

Since \E — F} is stable and R(X) is symmetric, positive semidefinite, the PALE
(3.1) has a unique symmetric, positive semidefinite solution N; = X;;1 — X;. Hence,
Xj S Xj+1 fOI'j 2 1.

(iii) Since the sequence {X;};>1 is nondecreasing and bounded above by X, this
sequence is convergent, i.e., lim; o X; = X with symmetric X, < X,. Hence the
relation (3.5) implies lim;_,, R(X;) = 0. Passing to the limit in (3.2), we obtain that
Xoo solves the PARE (1.2). Replacing X by X, and X, in (1.2) and considering the
difference of the resulting equations, we find that

F.(Xoo—X,)ET + E(Xoo—X.)FT = ~PE(Xoo— X.)G(X oo — X,)ET P,

B6) X X, =P (X - X.)PT

with F, = F + EX,GP,. Since A\E — F, is stable and G is symmetric, positive
semidefinite, the PALE (3.6) has a unique symmetric, positive semidefinite solution
Xoo — Xy, 1e., Xoo > Xi. Thus, X = X..

(iv) Subtracting the PALE (3.2) for X1 from the PARE (1.2) with X replaced
by X., we obtain that the difference D11 = X, — X, satisfies the PALE

F.Dj ET + EDj Fl' = =P E(N;GN; — Dj1GDj1)ET P,

3.7
3.7 Djy1 = P.Dj, P

Since AE — F) is stable, this equation has a unique solution given by
1 oo
0< Djy1 = g/ (iwE—F.) ' P,E(N;GN; —D;1GD;41)ET Pf (—iwE—F.) " dw;

see [40]. Taking norms, we get

R . | .
[ Xs — X < ||%/ (iwE — F,)"'PEN;GN,;E"P/(—iwE — F,)" " dwl||
e . . .
< INIPIERIGH 5z [ GwE — F) U RPE(ivE - ) Tda

=71 X541 — X112

Since 0 S Xj+1 — Xj S X* — Xj, we obtain that ||X* — Xj+1|| S ’}/HX* — Xj||2. 0
It follows from the proof of Theorem 3.2 that the stabilizing solution X, of the
PARE (1.2) is minimal in the sense that X, < X for all symmetric solutions X of
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(1.2). Theorem 3.2 also shows that in each step of Algorithms 1 and 2, all iterates
X are stabilizing once the initial guess X is chosen to be stabilizing. Such a matrix
exists if, for example, (E,F,G) is stabilizable. If this condition is violated, it is
still possible, similarly to the standard case [7], to construct a convergent Newton—
Kleinman iteration for computing a minimal solution of (1.2).

Note that the existence of a stabilizing solution of the PARE (1.2) guarantees
a quadratic convergence of the Newton iteration. However, if (1.2) has only a semi-
stabilizing solution X, then the quadratic convergence may be lost. For the standard
Riccati equation with negative (semi)definite quadratic term (G < 0), a modification
of the Newton iteration has been proposed in [20] which has a linear rate of conver-
gence under assumption that the purely imaginary eigenvalues of A\E — F — EX,.GP,
are semisimple. This result can also be extended to the PARE (1.2) with positive
semidefinite quadratic term.

At each iteration step of Algorithms 1 and 2, we have to solve the PALEs (3.1)
and (3.2), respectively. For small and medium-size problems, such equations can be
solved using the generalized Schur—Bartels—Stewart method or the generalized Schur—
Hammarling method [39]. For large dense problems, we can use the modified sign
function method [41], whereas projected Lyapunov equations with large-scale sparse
matrix coefficients can be solved using the generalized alternating direction implicit
(ADI) method [42] or Krylov subspace methods [43]. We will discuss a combination
of Lyapunov solvers with Newton iteration in section 4 in more detail.

3.2. Computing the stabilizing initial guess. The convergence of Algo-
rithms 1 and 2 relies on a stabilizing initial guess Xy that also satisfies Xo € Sp,.
If \E — F is stable, then Xy = 0 trivially satisfies these demands. This is often the
case in applications, but certainly not always. Thus, computing such Xy is required
in the unstable situations. The stabilization of descriptor systems using partial sta-
bilization, i.e., computing X such that the stable and infinite eigenvalues of A\E — F’
remain unchanged and the unstable ones are moved to the open left half-plane, is
considered in [6]. The suggested procedures basically use a numerically robust vari-
ant to compute a block form as in (2.1), where the nonzero blocks are not required to
have a special structure. Then using the decomposition as in (2.3), the stabilization
problem can be solved using the Bass algorithm or an algebraic Bernoulli equation
as in the standard case. Though the symmetry condition Xy € Sp, is not considered
in [6], using the same decomposition as in (2.3) with G = 0 and the resulting form
of the solutions X as in (2.4) of the Lyapunov or Bernoulli equations, it is easy to
show that the associated Xy matrices satisfy this symmetry equation. The solution
of these Lyapunov or Bernoulli equations can also be obtained in factored forms as in
[1, 2, 41, 42].

4. Stabilizing solution in factored form and its low-rank approximation.

4.1. Computing the Cholesky factor of the stabilizing solution. In many
control applications including positive real and bounded real balanced truncation
model reduction, the matrices G and H in the PARE (1.2) are given in factored form
G=GTG and H = ﬁﬁT, where G € RP™ and H € R™™. In this case, the stabi-
lizing positive semidefinite solution of (1.2) can also be determined in factored form
X, = X*Xf . Note that the computation of the Cholesky factorization X, = X*Xf
should be avoided because the computed Cholesky factor X, has usually lower accu-
racy than X,. Fortunately, the factor X, of X, can be computed directly without
calculating X, itself. This can be done in two different ways based on Algorithms 1
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and 2, respectively. We consider first Newton’s method in Algorithm 1. It follows
from EP,. = P,E, FP, = PF, and X;= P.X;PT that R(X;) = PR(X;)P. Then
taking into account (3.1), we obtain that

(4.1) R(Xj41) = R(X; + Nj)
= R(X;) + F;N;E" + EN,;F + EN,G"GN,E"
= EN;GTGN;E".

In this case, the PALE (3.1) can be replaced by
T T T pT T
(4.2) F;N,ET + EN;FT = -PK;KTPT, N, =P,N,PT,

with K; = EN;_1G” for j > 0. Since \E — F} is stable, (4.2) has a unique symmetric,
positive semidefinite solution N that can be factorized as N; = N;NJ.
For stable A\E — F', we can start with Xy = 0 and solve the PALE

(4.3) FNoET + ENgFT = —PHHTPT, Ny = P,NyP7,

for a Cholesky factor Ny of Ny = NON&F . Otherwise, we first compute the Cholesky
factorization R(Xo) = K,K{ for some stabilizing starting guess X, and determine
the Cholesky factor of the solution of the PALE

(4.4) FyN,ET + ENgFy = ~PK Kl P',  Ny=P.NyPT

with Fy = F + EX,GTGP,. If R(Xo) is indefinite, one can compute the solution of
(3.1) for j = 0 and then employ (4.2) starting with j = 1. Once we have X; = XjXJT
and N; = N jN ]T , the next iterate can be obtained in factored form as

Xj1 =X+ Nj = X; 1, X,

where X;,; € R™" is computed from the LQ factorization [X;, N;] = [X;11, 0]Q;
with orthogonal Qj. Note that the Cholesky factors N ; of the solutions of the PALEs
(4.2)-(4.4) can be determined directly without computing N; itself by using the gener-
alized Schur-Hammarling method [39]. This method does not require the preliminary
computation of the projectors P, and F;. It is based on reducing the pencil AE — F}
to the generalized Schur form [18] and solving the generalized Sylvester and Lyapunov
equations. Using the fact that the pencils AE' — F' and AE — F} have the same deflat-
ing subspaces corresponding to the finite eigenvalues, we do not need to compute the
generalized Schur form of AFY — F}; at every Newton iteration. It is enough to reduce
AE — F into the generalized Schur form and solve the projected Lyapunov equations
on the subspace corresponding to the finite eigenvalues. We summarize the resulting
Newton’s method in Algorithm 3.

For computing the generalized Schur form (4.5), we can use the QZ algorithm [18,
48] or the GUPTRI algorithm [16]. To solve the generalized Sylvester equation (4.6)
one can use the generalized Schur method [24]. The Cholesky factor of the solutions
of the generalized Lyapunov equations (4.7) and (4.8) can be determined using the
generalized Hammarling method [33]. The Newton—Schur-Hammarling method for
the PARE (1.2) costs O(n?) flops and has the memory complexity O(n?).
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ALGORITHM 3. Newton—Schur—-Hammarling method.

INPUT: E,F € R™", G € RP", H € R™™, and a stabilizing initial guess X, € Sp,.
OuTPUT: An approximate solution X X7 of the PARE (1.2).
1. Compute the generalized Schur form

Ey B ]

0 Eoyo

T _
(4.5) VIEU = [ o

VIFU — [ Fii Fio ] ’
where V and U are orthogonal, E1; is upper triangular, nonsingular and Fso
is upper triangular with zeros on the diagonal, Fi; is upper quasi-triangular
and Fyy is upper triangular, nonsingular.

2. Solve the generalized Sylvester equation

E0Y — ZFEy = —Fia,

4.6
(4.6) F.WY — ZFy = —Fs.

3. Compute the matrices
. 5 A . H
GU= |Gy, G|, VT = {gl

] U XU = [X“ﬂ 0} :
2

0 0
4. Compute the Cholesky factorizations

X110 = XILOXlTLO? o
Ri1(Xi1,0) = F11X11,0E?1 + E11X11,0F171 + E11X11,0G?G1X11,0Efl
=+ (Hl — ZHQ)(Hl — ZHQ)T = Kl,OK,iZ:O

and the matrix Fi1 9 = Fi1 + E11X1170(~??(~?1.
5. Solve the generalized Lyapunov equation

(4-7) F11,0N11,0E1[1 + E11N11,0F171,0 = _Kl,OKljjo

for the Cholesky factor N1170 of Ni1 0= ]\711)0]\7171)0.

Compute the LQ factorization [X11,07N1170] = [Xth 0]Q1,;.

7.FOR=1,2,.., jmax — 1_ ) ] ~
(a) Compute KLj = EllNll,j—lNiTl,j—lG{ and F117j = Fll,jfl + Kl)le.
(b) Solve the generalized Lyapunov equation

=

(4.8) F117jN117jE1Tl + E11N117jF1717j = _Kl,jKEj

for the Cholesky factor Nle of Nle = NleNiTlJ.
(C) Compute the LQ factorization [Xll,ja Nle] = [X117j+1, O]Ql,j-
END FOR
8. Compute

' — X117jmax
v T |
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4.2. Low-rank approximation to the stabilizing solution. If the eigenva-
lues of the stabilizing solution X, decay to zero very rapidly, then X, can be well
approximated by a matrix of low rank. Such a low-rank approximation can be com-
puted in factored form X, ~ X X7 with X € R™*, k < n, by solving the PALEs (4.2)
and (4.3) for low-rank approximate solutions. For this purpose, we can use an ex-
tension of the low-rank sign function method, the low-rank ADI method, or Krylov
subspace methods to projected Lyapunov equations as presented in [41, 42, 43].

ALCGORITHM 4. Low-rank Newton method.

INPUT: E, F € R™" such that A\E—F is stable, Ge€RP"™, H € R™™, projectors P,, P,.

OuTpPUT: A low-rank Cholesky factor of the stabilizing solution of the PARE (1.2).
1. Solve the PALE (4.3) for the low-rank Cholesky factor Ny such that

No~NyN{ .
2. Set X; = Ny, K; = ENy,NY'G", Fy = F + K,GP,.
3. FOR j=1,2,...
(a) Solve the PALE (4.2) for the low-rank Cholesky factor N; such that

(b) Cornpute Xj+1 = [ Ng‘, 4 j]~. _
(C) Compute Kj+1 = ENJ-N]TGT and Fj+1 = Fj + Kj_;_lGPr.
END FOR

The computation of the low-rank Cholesky factor of the stabilizing solution of
the PARE (1.2) with stable AE — F' is summarized in Algorithm 4. Note that in each
iterative step in this algorithm the number of columns of the approximate Cholesky
factor X ; of the solution of (1.2) increases by the number k; of columns of the appro-
ximate Cholesky factor N; of the solution of the PALE (4.3). In the case of large
k; or slow convergence of the Newton iteration, a large workspace is required to
store X j+1- In order to keep low-rank structure in X j+1, one can replace this iterate
by its low-rank approximation computed via a rank-revealing QR decomposition

~ ~ R . R .
(4.9) (X5, N;]T = Q; { 0 Rjz } my,
where @); has orthogonal columns, I/; is a permutation matrix, R;; has full row rank,
and |R;3|lr < 7||[X;, Nj]||r for some small tolerance 7. Setting R;3 = 0, we can
proceed with the new iterate X; 1 = II;[Rj1, R;j2]T. Note that in (4.9) we do not
need to accumulate the matrix @;.

Low-rank Cholesky factors of the stabilizing solution of the PARE (1.2) can also
be computed using the Newton-Kleinman method in Algorithm 2. Such an approach
has been considered previously for the case E = I in [44]. An extension of this

approach is given in Algorithm 5.
If A\E — F is stable, in step 3 of Algorithm 5 we can solve the PALE

(4.10) FXET + EXFT = —PHH"P', X =P.XPT
with H = [H, B(X,;, X, — X, X35, )G ]

Note that in Algorithms 4 and 5, the projectors P, and P, are required in explicit
form. The computation of these projectors is, in general, very expensive. Fortunately,
in many applications including control of fluid flow, electrical circuit simulation, and
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ALGORITHM 5. Low-rank Newton-Kleinman method.
INpUT: E, F € R™", C~¥~€ RP™ ﬁ € R™™ projectors P, and P, a low-rank matrix
X such that Xg = P.Xg and AE — F — EXOXgGTPT is stable.
OutpPuT: A low-rank Cholesky factor of the stabilizing solution of the PARE (1.2).
1. Set XLO = XO and XQ)O =0.
2. FORj=0,1,2,...,jmax — 1 o ) .
(a) Compute K; = E(Xl)ijjj - X27ngjj)GT and Fy = F 4+ K;GP,.
(b) Solve the PALEs
(4.11)
Fle,j+1ET+ EXl,j+1FjT = _IDIHHT]DlTv Xl,j+1 :Per,j+1Pga
(4.12)
FiXy ;i E"+ EX, j  F =—PK,K[ P, X5, ,=P.X,;P"

for the low-rank Cholesky factors XLjJ,.l and X27j+1 such that
X jt1 = Xl,j+1Xi‘F,j+1 and X j11 ~ X2,j+1X§j+1'
END FOR
3. Solve the PALE

FXET + EXFT' = -PHH"P', X=P.XPT
with F' = F + %E(Xl XT - X XTI )YGTGP, for the low-rank

JJmax 0 1, Jmax 2,jmax " 2, Jmax

Cholesky factor X such that X ~ XX7.

constrained multibody systems, the matrices £ and F' have some special block struc-
ture. This structure can be exploited to construct the projections P, and P, explicitly
and cheaply; see [35, 42].

4.3. Low-rank ADI iteration for projected Lyapunov equations. In this
section, we briefly discuss the computation of approximate solutions to the PALE

4.13 FZET + EZFT = —PKKTPT, Z=PZPT,
l l T r

with given E, F € R™" K € R™Y9 and unknown Z € R™". According to Re-
mark 3.1 we can assume that P, and P, are the spectral projectors onto the left and
right deflating subspaces of AE — F corresponding to the finite eigenvalues. For solv-
ing the PALE (4.13), we use the ADI method. This method was first proposed for
standard Lyapunov equations [9, 30, 34, 46] and then extended in [42] to projected
Lyapunov equations. Recently, a more efficient version of the ADI iteration for stan-
dard Lyapunov equations was proposed in [8] which allows a cheap computation of
the Lyapunov residuals. Here, we extend this result to projected Lyapunov equations.
The generalized ADI iteration for the PALE (4.13) is given by

(4.14) (E+F)Z)1)oFT + FZy_(E — 7, F)" = —-P,KK" P,
(E+7uE)ZLFT + FZL | (B =7 F)" = —PKK"PF

with an initial matrix Zy = 0 and shift parameters 71,..., 7, € C_. Solving the first
equation for Zj_; /o and the second equation for Zi, we obtain

Zy = (B4 mF) Y (B -7 F) Zjr(E — i )T (E 4+ 7 F) ™7
—2Re(m,)(E + F) *PKKTPI(E +7,F)~T.
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Since the solution of the PALE (4.13) also satisfies this equation, we get the following
expression for the error:

(4.15) Zp—Z = (E+mF) Y E —=TuF)(Zp—1 — Z)(E — e )T (E + 7, F)~T
== —AZA,

where Ay = (E + 7 F)"Y(E —71,F) - (E 4+ 1 F)"Y(E — 7, F). If the pencil \E — F
is stable, then Zj converges toward the solution of the PALE (4.13). The rate of
convergence depends strongly on the choice of the shift parameters. The optimal
shift parameters providing the superlinear convergence satisfy the generalized ADI
minimax problem

|(L—=71t)--- (1 =T 1)

{m1,...,7¢} = argmin max _ ,
P ryec. teSp(B.Ey |(1+7t) - (1+ 741)]

where Spf(E,F) denotes the finite spectrum of the pencil AE — F. Similarly to
[34], the suboptimal ADI parameters can be obtained from a set of largest and smal-
lest in modulus approximate finite eigenvalues of \F — F computed by an Arnoldi
procedure. Other parameter selection techniques developed for standard Lyapunov
equations [10, 38, 47] can also be used for the PALE (4.13).

The ADI iteration is terminated if the normalized residual satisfies the condition

1£(Z0)ll
4.16 Zp) = ————""———< tOl,
(410 ) R RRTRT =

where tol is a user-defined tolerance, and
L(Zy) = FZLET + EZyFT + BPKKTPT

is the Lyapunov residual. The following theorem shows that even though L£(Zj) is
a large and dense matrix, it has a low rank.

THEOREM 4.1. The Lyapunov residual at step k of the ADI iteration has the
form

(4.17) L(Zy) = A, PKKTPF A,

where Ay = (E — 7 F)(E 4 7 F)~ - (E =71 F)(E + 1 F)~ 1.
Proof. Tt follows from (4.13) and (4.15) that

L(Zy) = FZL,ET + EZyFT + PKKTPF = F(Z), — Z)ET + E(Zy — Z)FT
= FAZALET — EAZAGFT.

Since P, and P, are the spectral projectors onto the right and left deflating subspaces
of the pencil AE' — F' corresponding to the finite eigenvalues, one can show using the
Weierstrass canonical form of A\E — F' that

E(E + 1, )Y (E — 74 F) = (E — 71 F)(E + 7 F) 1B,
F(E + 7, F)"WE —74F) = (E — 71, F)(E + 1, F) "' F.

Then we have FA, ZA;ET = A, FZET Af and, hence,

L(Zy) = —Aw(FZET + EZFTYA: = A, P,KKTPTA:. O
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It follows from (4.17) that £(Z}) is of rank at most g and its Frobenius norm can
be computed as || £(Zk)||r = W, Wi |lF = Wi Wil with Wy, = A, P,K € R™9. We
now show that the matrix W} can be obtained iteratively at low cost.

It has been shown in [42] that the iterate Zj can be determined in factored form
Zy = 2, ZF, where

Vi=(E+nF)'PK,  Z;=+\/-2Re(n) Vi,
Vie=Vie1 — (o1 + ) (E 4+ e E) Y FVi1,  Zip = [Zi_1, /—2Re(m)Vi].
The iterate Vj, can also be written as
Vi = (E+7.F) "N (E —Fp_1 F)Vi1
= (E+mF) (B = Fp_1 F)(E + 71 F) "N (E — T2 F)Vis
== (BE+mF) " A PK = (E+7,F) "Wy,
for k£ > 2. Then we have
Wi = AP K = (E =7 F)(E + 7. F) ' A1 BK
= (B -7k F)V;, = (B —71F)(E + 7 F) "Wy 4
= (I — 2Re(r,) F(E + 7. F) ") Wi—1 = Wi_1 — 2Re(r4) F V.

Summarizing, we obtain the following algorithm for computing a low-rank approxi-
mate solution of the PALE (4.13).

ALGORITHM 6. The generalized LR-ADI for the projected Lyapunov equation.
INPUT: E, F € R™", K € R™9, projector P, shift parameters 71, .. .,7q € C_, and
tolerance tol.
OuTpUT: A low-rank approximation Z ~ 7, ZF to the solution of the PALE (4.13).
L Vi= (E+nF)"'PK,
2. Z1 \/—2R€ T1 ‘/1,
3. Wi = PK —2Re(m)FVi, k = 2.
4. WHILE (|W;_ ,Wi_1||/|IKTPTPK| > tol AND k < kuax)

(4.18)
(@) Vi=(E+7F) ' W1,
(b) Z [Zk-1, V/—2Re(m) Vi ],
(C) Wk -1 — QRQ(Tk)FVk,
(d) k

END

At each iteration we have Zj, = [V/—2Re(r1) V1,...,/—2Re(7s) Vi | € R™9*%. To
keep the low-rank structure in Zj, for large gk, we can compress the columns of Zj,
using the rank-revealing QR factorization as described in [11]. Furthermore, in order
to guarantee for the factors Zj, to be real in case of complex shift parameters, we take
these parameters in complex conjugate pairs {7, 7,41 = T} and compute Zp as in
(4.18) if 7, is real and

(4.19) {Z’f - [Zk 1, 2|m|/—Re(7k) V} i {Tk is complex,

Zk+1 [Zk, 2 —Re(m) (Vk — Tk+1V” Th4+1 = Tk
where V = (E + 7341 F) 1 EFVj; see [42] for details.
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Finally, note that if the LR-ADI method is used in the inner Newton iteration,
then we need to compute the products (E + 73, F)~'w with some vector w € R” and
E+7.F = (E+ . F)+ TkKjéPT with low-rank matrices GP, € RP™ and K; e R™P
depending on the Lyapunov equation to be solved. For this purpose, we can use the
Sherman—Morrison-Woodbury formula [18, section 2.1.3]

(E+7F)"'w=w, — My, ((Ip + CJPTMKj)_lCJPTwl),

where wy = (E + 7. F) " 'w and Mg, = 7(F + 7. F) "' K can be determined either
by computing (sparse) LU factorizations and forward/backward substitutions or by
using iterative Krylov subspace methods [37].

4.4. Stopping criteria for Newton’s method. The iterations in Algorithms 4
and 5 can be stopped as soon as the normalized residual norm satisfies the condition

or IRGEED)]
4.20 X XTy= 1 J <y,
e T
where || - || is the spectral or Frobenius matrix norm and tol is a user-defined tolerance,

or a stagnation of the residual norms is observed. Unfortunately, the computation of
[R(X ]XJT)H by forming the residual matrix R(X ; Xf) is memory-intensive for large-
scale problems. If X; has a small number of columns nj, then the residual norm
can be determined efficiently using a factorization based approach proposed in [9] for
standard Riccati equations. In Algorithm 4, we have

I, 0 0 HT P
R(X,;X]) = [PzH, FXj, EXj] 0 0 Ly | |X]FT
0 I, XJTGTGXJ- XJTET

Then computing an “economy-size” QR decomposition
(4.21) [PJ?I, EX;, FX]} — QUIRWY,
where Q) has orthonormal columns and RY) has full row rank, we find

HR(Xj JT)H =|IRD | 0o 0 L, (RUNHT
0 I, X/GTGX,

A similar procedure can also be applied to determine ||R()~(1JX1TJ - XQJXZTJ)H in
Algorithm 5. Thus, the evaluation of the residual norms reduces to the computation
of the norm of much smaller matrices. Though this is much cheaper than computing
the residual matrix explicitly, the verification of the stopping criterion (4.20) can still
be much more expensive than computing X ; itself.

Another approach for computing the Riccati residuals in Algorithm 4 is based on

the relation (4.1). If the PALE (4.2) is solved for N; exactly, then (4.1) leads to

IR = 1EN;-1GTGN; 1 BT || = || K || = | KT K|
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with a small matrix KJTK ; € RPP. However, if we solve the PALE (4.2) approximately
using the LR-ADI method, then

(4.22)
R(X,XI)=K,K +F, \N, \N \E"+ EN, \N,F' | +R(X, X))

== KK + L5 (N N A+ -+ Lo(No NG ),

where Ly (N, NI') = F,N,NI'ET + EN,NIF! + PK, KI'P" is the Lyapunov resi-
dual with Ko = H, Fy = F, K, = EN,_, NI |GT, and F, = F,_, + KxGP, for
k=1,...,7 — 1. Thus, the Riccati residual can be estimated as

||R(XJXJT)H < ||KJTKJH + ||£j71(Njlejjll)H + o+ Lo (N NG -

Note that (4.22) implies that the Lyapunov residuals accumulate during the Newton
iteration. This means that the tolerance for the Lyapunov residuals should be taken
smaller than the tolerance for the Riccati residuals.

In Algorithm 4, the Newton iteration can also be stopped as soon as the changes
in X; become small, i.e., |[N;|| /|| X;]# < tol.

4.5. Comparison of the Newton and Newton—Kleinman methods. We
now compare the low-rank formulations of the Newton and Newton—Kleinman itera-
tions with respect to complexity and numerical robustness.

Consider first the case when A\E — F' is stable. While in each Newton iteration in
Algorithm 4, only one PALE (4.2) has to be solved, the Newton-Kleinman iteration
in Algorithm 5 involves solving two PALEs (4.11) and (4.12) in each iteration plus
one PALE (4.10) at the end. Since (4.11) and (4.12) differ in the right-hand side only,
they can be solved simultaneously. If we solve the PALE

(4.23) F;Z,ET+EZ, \FI =-P[H, K;|H, K;]"Pl, Z

_ T
J+17g j+1_PrZ P,

Jj+1-r

for the low-rank Cholesky factor Z j(_lf_)l such that Z;,1 ~ Z j(_lf_)l(Z j(_lf_)l)T using the gene-

ralized LR-ADI method in Algorithm 6, then the low-rank Cholesky factors X Lj+1
and X ;41 can be extracted from

5 (k
Zj(qr)l:[ 1w, Z12, -y Zi, Zia |
~ =~ ~N~ O~~~
m P m p

as Xl,j+1 = [le, sy Zkl] and XQ)jJ,.l = [Zlg, sy ZkQ] Since the right—hand side in
the PALE (4.2) has smaller rank than that in the PALE (4.23), Algorithm 4 is less
expensive than Algorithm 5. Moreover, the computation of the normalized residual
in Algorithm 4 is much cheaper than that in Algorithm 5. Finally, as numerical
experiments show, each Newton (outer) iteration usually requires fewer (inner) ADI
iterations compared with the Newton-Kleinman step.

It should be noted, however, that Algorithm 4 can be used only if the pencil
AE — F is stable, whereas Algorithm 5 can also be applied to unstable problems
provided a stabilizing initial guess is available. Furthermore, the inexact version of
the Newton method may be unstable. As shown in section 4.4, due to the approximate
solution of the PALE (4.2) in Algorithm 4, the residuals accumulate over the iterations
that may even cause the iteration to diverge.
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5. Numerical examples. In this section, we present some results of numerical
experiments to demonstrate the properties of the presented methods for solving the
PARE (1.2). As mentioned earlier, projected Riccati equations arise in balancing-
related model reduction of the descriptor system

(5.1) Ei(t) = Az(t) + Bu(t),  y(t) = Cx(t),

where E, A € R™", B € R™™, C € RP", x € R" is the state, u € R™ is the input, and
y € RP is the output. A transfer function of (5.1) is given by G(s) = C(sE — A)~'B.
It can be additively decomposed as G(s) = Gsp(s) + Go(s), where Ggp(s) is a strictly
proper part of G(s) satistying lim,_, o Gsp(s) = 0 and Go(s) = Mo+sMi+-- s My,
is a polynomial part. In order to compute a reduced-order model for (5.1), we have
to solve the PARE (1.2) (and also its dual), where the matrix coefficients have one of
the following forms depending on the applied balanced truncation approach [36]:
e positive real balanced truncation

(5.2) E=E, F=A-PBM,+ M) 'CP,

G=C"(My+MI)"'C, H=B(My+MI)™"

BT.
e bounded real balanced truncation

(5.3) E=FE, F=A+PB(I-M]My) 'MICP,,
G =0T~ MM*C, H=DB(I-MI M) B,

e bounded real balanced truncation via a Moebius transformation

(5.4) E=E, F=A-BC-2BB(I—-MIM)*MICP,,
G =2CT(I - MyMI)™*C, H=2B(I - M¥M,)'BT,
Pr = Pra Pl = pla

where P, and P, are the spectral projectors onto the left and right defla-
ting subspaces of AE — A + BC' corresponding to the finite eigenvalues and
My =1 —2lim, ,o. C(sE — A+ BC)"'B.
Note that the PARE (1.2) with (5.4) is just the bounded real PARE of the Moebius-
transformed system G(s) = (I—G(s))(I+G(s))"' = C(sE—A)"'B+1I with £ = E,
A=A—-BC, B=—2B, and C = 2C.

Ezxample 5.1. The first example is a three-port RC circuit. This circuit is modeled
by a descriptor system of index 1 in modified nodal analysis form. It has n = 2007
state variables and m = p = 3 inputs and outputs. Under some conditions on circuit
topology guaranteeing that the transfer function G is positive real, i.e., G is analytic
in C; and G(s)+G(s)* > 0 for all s € C, one can show that the positive real PARE
(1.2), (5.2) (PR-PARE for short) and also the PARE (1.2), (5.4) (BR(M)-PARE for
short) are solvable. We compute the semistabilizing solutions of these equations using
the Newton—Schur—-Hammarling method as in Algorithm 3.

Figure 1(a) shows the normalized residual or(X X7T) = |R(X XT)| /|| PH P | £
One can see that for both Riccati equations, the Newton iteration has a linear con-
vergence only. This can be explained by the fact that R’y is singular. In Figure 1(b),
we present the condition number ko (E, Fj) of the operator R’Xj or, equivalently, of
the PALE (3.1), which is defined as ko(E, F;) = 2||E||2||F;||2||Z;]|2, where Z; solves
the PALE



NUMERICAL SOLUTION OF PROJECTED RICCATI EQUATIONS 597

10° ———— 10° F
P ——  PR-PARE -9
o o BR(M)-PARE
© b 4
> 8 10°F
e -5
‘% 10 :E;
GLJ [ 3
] S 10t
N 2
(_“1 -10 ko)
£ ° S 102
§ (G] ‘ —+—PR-PARE
12 o' BR(M)-PARE
1070 0
1 8 5 7 9 1113 15 17 19 21 23 18 5 7 9 11 13 15 17 19 21 23
Newton iteration j Newton iteration j

(a) (b)

Fia. 1. RC circuit: (a) the convergence history of the Newton—Schur—Hammarling method; (b)
the condition number k2 (E, Fj) of the operator RIX]-'

TABLE 1
Stokes equation: comparison of the Newton and Newton—Kleinman methods.

Low-rank Newton method Low-rank Newton—-Kleinman method
# outer or(X;) # inner or(Z,Z5F) # outer or(X;) # inner or(Z,ZF)
1 5.363e — 02 27 9.920e — 13 1 5.363e — 02 27 9.920e — 13
2 3.912e¢ — 04 23 7.289e¢ — 13 2 3.912e — 04 25 4.472e — 13
3 3.487e — 08 20 8.043e — 13 3 3.487e — 08 25 4.457e — 13
4 1.032e¢ — 12 20 4.238e — 13 4 4.910e — 13 25 4.457e — 13

T T _ T _ T.
EZ;Fy + FyZ;E° = -RF,  Z;=P.Z;P;

see [39]. As expected, in both cases, the condition number increases, as X; ap-
proaches X..

Ezxample 5.2. Consider the two-dimensional instationary Stokes equation that
describes the flow of an incompressible fluid in a domain. The spatial discretization
of this equation by the finite volume method on a uniform staggered grid leads to the
descriptor system (5.1) of index 2. The transfer function of this system is bounded
real, i.e., G is analytic in C; and I — G(s)G(s)* > 0 for all s € C4, which guaran-
tees the solvability of the bounded real PARE (1.2), (5.3). We compute the low-rank
approximations to the solution of this equation using the low-rank Newton (LR-N for
short) and low-rank Newton—Kleinman (LR-NK for short) methods as in Algorithms 4
and 5, respectively, combined with the LR-ADI iteration. The inner ADI iterations
have been stopped as soon as the normalized residuals for the PALE (4.13) satisfy
(4.16) with tol = 10713, In Table 1, we present the number j of outer Newton itera-
tions (# outer), the normalized Riccati residuals pr(X;) given in (4.20), the number
of the inner ADI iterations (# inner), and the reached normalized Lyapunov residuals
or.(Z,ZT) as in (4.16) for the low-rank Newton and Newton-Kleinman methods. The
problem dimensions are n = 10679 and m = p = 5. Figure 2(a) shows the normalized
residuals pr (X)), whereas in Figure 2(b) we present the number of ADI iterations for
both methods.

Ezample 5.3. Consider a constrained damped mass-spring system from [32].
The vibration of this system is described by the single-input single-output descrip-
tor system (5.1) which is of index 3 and has a bounded real transfer function. We
compute the low-rank approximations to the solution of the bounded real PARE
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Fic. 2. Stokes equation: (a) the convergence history of the low-rank Newton and low-rank

Newton—Kleinman methods; (b) the number of ADI iterations required for solving the projected
Lyapunov equations at each Newton iteration.
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Fic. 3. Mechanical system: (a) CPU time for the low-rank Newton and low-rank Newton—
Kleinman methods; (b) the convergence history for the low-rank Newton method.

(1.2), (5.3) using the low-rank Newton and low-rank Newton-Kleinman methods as
in Algorithms 4 and 5, respectively, combined with the LR-ADI iteration. For both
methods, we present in Figure 3(a) a comparison of CPU time in seconds for problems
of different state space dimension ranging from 101 to 10001. This figure confirms
that the Newton-Kleinmann iteration is more expensive than the Newton iteration.
Figure 3(b) shows the convergence history (the normalized residual norms) for the
problem of state space dimension n = 10001.

6. Conclusions. In this paper, we have presented efficient and reliable numeri-
cal methods for solving projected Riccati equations as they arise in positive real and
bounded real balanced truncation of descriptor systems. These methods are based on
the Newton and Newton-Kleinman iterations. We have also considered the computa-
tion of the Cholesky factors and low-rank Cholesky factors of the stabilizing, positive
semidefinite solutions of projected Riccati equations. The convergence analysis has
been presented for Newton’s iteration. The numerical experiments for different types
of descriptor systems and different forms of projected Riccati equations illustrate the
properties of the presented numerical algorithms.
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In [49], a quadratic ADI method has been proposed for standard Riccati equations.
An extension of this method to projected Riccati equations remains for future work.

Acknowledgment. The authors would like to thank Jens Saak for helpful

discussions.
REFERENCES
(1] L. AMODEI AND J.-M. BUcHOT, A stabilization algorithm of the Navier-Stokes equations based
on algebraic Bernoulli equation, Numer. Linear Algebra Appl., 19 (2012), pp. 700-727.
[2] S. BARRACHINA, P. BENNER, AND E. S. QUINTANA-ORTI, Efficient algorithms for genmeralized
algebraic Bernoulli equations based on the matriz sign function, Numer. Algorithms, 46
(2007), pp. 351-368.
(3] D. J. BENDER AND A. J. LAUB, The linear-quadratic optimal regulator for descriptor systems,
IEEE Trans. Automat. Control, 32 (1987), pp. 672-688.
[4] P. BENNER, Contributions to the Numerical Solution of Algebraic Riccati Equations and Re-
lated Eigenvalue Problems, Logos Verlag, Berlin, 1997.
[5] P. BENNER, Numerical solution of special algebraic Riccati equations via exact line search
method, in Proceedings of the European Control Conference (ECC97), BELWARE Infor-
mation Technology, Waterloo, Belgium, 1997.
(6] P. BENNER, Partial stabilization of descriptor systems using spectral projection methods, in
Numerical Linear Algebra in Signals, Systems, and Control, S. Bhattacharyya, R. Chan,
V. Olshevsky, A. Routray, and P. Van Dooren, eds., Lect. Notes Electr. Eng. 80, Springer-
Verlag, Berlin, 2011, pp. 55-76.
[7] P. BENNER, V. HERNANDEZ, AND A. PASTOR, On the Kleinman iteration for nonstabilizable
systems, Math. Control Signals Systems, 16 (2003), pp. 76-93.
[8] P. BENNER, P. KURSCHNER, AND J. SAAK, An improved numerical method for balanced trun-
cation for symmetric second order systems, Math. Comput. Model. Dyn. Syst., 19 (2013),
pp. 593-615.
[9] P. BENNER, J.-R. L1, AND T. PENZL, Numerical solution of large Lyapunov equations, Riccati
equations, and linear-quadratic control problems, Numer. Linear Algebra Appl., 15 (2008),
pp. 755-777.
[10] P. BENNER, H. MENA, AND J. SAAK, On the parameter selection problem in the Newton-
ADI iteration for large-scale Riccati equations, Electron. Trans. Numer. Anal., 29 (2008),
pp. 136-149.
[11] P. BENNER AND E. S. QUINTANA-ORTI, Solving stable generalized Lyapunov equations with the
matriz sign function, Numerical Algorithms, 20 (1999), pp. 75-100.
[12] D. A. BinI, B. IANNAZZO, AND B. MEINI, Numerical Solution of Algebraic Riccati Equations,
Fundam. Algorithms, SIAM, Philadelphia, 2012.
[13] A. BUNSE-GERSTNER AND V. MEHRMANN, A symplectic QR-like algorithm for the solution of
the real algebraic Riccati equation, IEEE Trans. Automat. Control., 31 (1986), pp. 1104
1113.
[14] R. BYERS, Solving the algebraic Riccati equation with the matriz sign function, Linear Algebra
Appl., 85 (1987), pp. 267-279.
[15] E. K.-W. Cuu, H.-Y. FaN, AND W.-W. LIN, A structure-preserving doubling algorithm for
continuous-time algebraic Riccati equations, Linear Algebra Appl., 396 (2005), pp. 55-80.
[16] J. W. DEMMEL AND B. KAGSTROM, The generalized Schur decomposition of an arbitrary pencil
A —AB: Robust software with error bounds and applications, ACM Trans. Math. Software,
19 (1993), pp. 160—201.
[17] F. R. GANTMACHER, Theory of Matrices, Chelsea, New York, 1959.
(18] G. H. GoLuB AND C. F. VAN LoAN, Matriz Computations, 3rd ed., Johns Hopkins University
Press, Baltimore, MD, 1996.
[19] S. GUGERCIN AND A. C. ANTOULAS, A survey of model reduction by balanced truncation and
some new results, Internat. J. Control, 77 (2004), pp. 748-766.
[20] CH.-H. Guo AND P. LANCASTER, Analysis and modification of Newton’s method for algebraic

Riccati equations, Math. Comp., 67 (1998), pp. 1089-1105.

[21] V. IonEscu, C. OARA, AND M. WEIsS, Generalized Riccati Theory and Robust Control: A

Popov Function Approach, John Wiley and Sons, Chichester, UK, 1999.

[22] 1. M. JAIMOUKHA AND E. M. KASENALLY, Krylov subspace methods for solving large Lyapunov

equations, STAM J. Numer. Anal., 31 (1994), pp. 227-251.



PETER BENNER AND TATJANA STYKEL

K. JBILOU, An Arnoldi based algorithm for large algebraic Riccati equations, Appl. Math. Lett.,
19 (2006), pp. 437-444.

B. KAGSTROM AND L. WESTIN, Generalized Schur methods with condition estimators for solving
the generalized Sylvester equation, IEEE Trans. Automat. Control, 34 (1989), pp. 745-751.

A. KAWAMOTO AND T. KATAYAMA, The semi-stabilizing solution of generalized algebraic Riccati
equation for descriptor systems, Automatica, 38 (2002), pp. 1651-1662.

A. KawaMoTO, K. TAKABA, AND T. KATAYAMA, On the generalized algebraic Riccati equation
for continuous-time descriptor systems, Linear Algebra Appl., 296 (1999), pp. 1-14.

D. L. KLEINMAN, On an iterative technique for Riccati equation computations, IEEE Trans.
Automat. Control, 13 (1968), pp. 114-115.

P. LANCASTER AND L. RODMAN, The Algebraic Riccati Equation, Oxford University Press,
Oxford, UK, 1995.

A. J. LAUB, Schur method for solving algebraic Riccati equations, IEEE Trans. Automat.
Control, 24 (1979), pp. 913-921.

J.-R. L1 AND J. WHITE, Low rank solution of Lyapunov equations, STAM J. Matrix Anal. Appl.,
24 (2002), pp. 260-280.

V. MEHRMANN, The Autonomous Linear Quadratic Control Problem, Theory and Numerical
Solution, Lecture Notes in Control and Inform. Sci. 163, Springer-Verlag, Berlin, 1991.

V. MEHRMANN AND T. STYKEL, Balanced truncation model reduction for large-scale systems in
descriptor form, in Dimension Reduction of Large-Scale Systems, P. Benner, V. Mehrmann,
and D. Sorensen, eds., Lect. Notes Comput. Sci. Eng. 45, Springer-Verlag, Berlin, 2005,
pp. 83-115.

T. PENZL, Numerical solution of generalized Lyapunov equations, Adv. Comput. Math., 8
(1998), pp. 33-48.

T. PENZL, A cyclic low-rank Smith method for large sparse Lyapunov equations, STAM J. Sci.
Comput., 21 (1999/2000), pp. 1401-1418.

T. RE1s AND T. STYKEL, PABTEC: Passiwvity-preserving balanced truncation for electrical cir-
cuits, IEEE Trans. Computer-Aided Design Integr. Circuits Syst., 29 (2010), pp. 1354-1367.

T. RE1s AND T. STYKEL, Positive real and bounded real balancing for model reduction of de-
scriptor systems, Internat. J. Control, 83 (2010), pp. 74-88.

Y. SAAD, Iterative Methods for Sparse Linear Systems, PWS Publishing, Boston, MA, 1996.

J. SABINO, Solution of Large-Scale Lyapunov Equations via the Block Modified Smith Method,
Ph.D. thesis, Rice University, Houston, TX, 2006.

T. STYKEL, Numerical solution and perturbation theory for generalized Lyapunov equations,
Linear Algebra Appl., 349 (2002), pp. 155-185.

T. STYKEL, Stability and inertia theorems for generalized Lyapunov equations, Linear Algebra
Appl., 355 (2002), pp. 297-314.

T. STYKEL, A modified matriz sign function method for projected Lyapunov equations, Systems
Control Lett., 56 (2007), pp. 695-701.

T. STYKEL, Low-rank iterative methods for projected generalized Lyapunov equations, Electron.
Trans. Numer. Anal., 30 (2008), pp. 187-202.

T. STYKEL AND V. SIMONCINI, Krylov subspace methods for projected Lyapunov equations,
Appl. Numer. Math., 62 (2012), pp. 35-50.

A. VARGA, On computing high accuracy solutions of a class of Riccati equations, Control
Theory Adv. Techn., 10 (1995), pp. 2005-2016.

A. VARGA, Computation of normalized coprime factorizations of rational matrices, Systems
Control Lett., 33 (1998), pp. 37-45.

E. WACHSPRESS, [terative solution of the Lyapunov matriz equation, Appl. Math. Lett., 1
(1988), pp. 87-90.

E. WACHSPRESS, The ADI minimaz problem for complex spectra, in Iterative Methods for
Large Linear Systems, D. Kincaid and L. Hayes, eds., Academic Press, New York, 1990,
pp. 251-271.

D. S. WATKINS, Performance of the QZ algorithm in the presence of infinite eigenvalues, STAM
J. Matrix Anal. Appl., 22 (2000), pp. 364-375.

N. WoONG AND V. BALAKRISHNAN, Fast positive-real balanced truncation via quadratic alter-
nating direction implicit iteration, IEEE Trans. Computer-Aided Design Integr. Circuits
Syst., 26 (2007), pp. 1725-1731.

L. Zuang, J. Lam, AND S. XU, On positive realness of descriptor systems, IEEE Trans. Circuits
Syst., 49 (2002), pp. 401-407.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


