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Numerical Solution and Perturbation Theory
for Generalized Lyapunov Equations

Tatjana Stykel*

Abstract

We discuss the numerical solution and perturbation theory for the generalized continuous-
time Lyapunov equation E*X A+ A*X E = —G with a singular matrix F. If this equation
has a solution, it is not unique. We generalize a Bartels-Stewart method and a Hammarling
method to compute a partial solution of the generalized Lyapunov equation with a special
right-hand side. A spectral condition number is introduced and perturbation bounds for
such an equation are presented. Numerical examples are given.
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1 Introduction

Consider the generalized continuous-time algebraic Lyapunov equation (GCALE)
E*XA+ A*XE = -G (1.1)

with given matrices E, A, G and unknown matrix X. Such equations play an important role
in stability theory [13, 38|, optimal control problems [33, 37] and balanced model reduction
[36]. Equation (1.1) has a unique Hermitian, positive definite solution X for every Hermitian
positive definite matrix G if and only if all eigenvalues of the pencil AE — A are finite and lie
in the open left half-plane [39].

The classical numerical methods for the standard Lyapunov equations (E = I) are the
Bartels-Stewart method [2], the Hammarling method [19] and the Hessenberg-Schur method
[18]. An extension of these methods for the generalized Lyapunov equations with the non-
singular matrix E is given in [9, 14, 15, 18, 39]. These methods are based on the preliminary
reduction of the matrix (matrix pencil) to the (generalized) Schur form [17] or the Hessenberg-
Schur form [18], calculation of the solution of a reduced system and back transformation.

An alternative approach to solve the (generalized) Lyapunov equations is the sign function
method [6, 30, 35]. Comparison of the sign function method to the Bartels-Stewart and
Hammarling methods with respect to accuracy and computational cost can be found in [6].
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The numerical solution of the generalized Lyapunov equations with a singular matrix E
is more complicated. Such equations may not have solutions even if all finite eigenvalues of
the pencil A\E — A lie in the open left half-plane. Moreover, even if a solution exists, it is,
in general, not unique. In this paper we consider the projected generalized continuous-time
algebraic Lyapunov equation

E*XA+A*XE =—-PGPF,, (1.2)
X =XP, '
where G is Hermitian, positive (semi)definite, P, and P, are the spectral projections onto the
left and right deflating subspaces of the pencil AE — A corresponding to the finite eigenvalues.
Such an equation arises in stability theory and control problems for descriptor systems [4, 43].
The projected GCALE (1.2) has a unique Hermitian solution X that is positive definite on
im P, if and only if the pencil AE — A is c-stable, i.e., it is regular and all finite eigenvalues
of A\E' — A lie in the open left half-plane, see [43] for details. Generalizations of the Bartels-
Stewart and Hammarling methods to compute the solution of (1.2) are presented in Section 2.

In numerical problems it is very important to study the sensitivity of the solution to
perturbations in the input data and to bound errors in the computed solution. There are
several papers concerned with the perturbation theory and the backward error bounds for
standard continuous-time Lyapunov equations, see [16, 20, 21] and references therein. The
sensitivity analysis for generalized Lyapunov equations has been presented in [32], where only
the case of nonsingular E was considered. In this paper we discuss the perturbation theory for
the projected GCALE (1.2). In Section 3 we review condition numbers and Frobenius norm
based condition estimators for the deflating subspaces of the pencil corresponding to the finite
eigenvalues as well as the Lyapunov equations with nonsingular F. For the projected GCALE
(1.2), we define a spectral norm based condition number which can be efficiently computed by
solving (1.2) with G = I. Using this condition number we derive the perturbation bound for
the solution of the projected GCALE (1.2) under perturbations that preserve the deflating
subspaces of the pencil AE — A corresponding to the infinite eigenvalues. Section 4 contains
some results of numerical experiments.

Throughout the paper F denotes the field of real (F = R) or complex (F = C) numbers,
F™™ is the space of n x m-matrices over F. The matrix A* = AT denotes the transpose
of the real matrix A, A* = A¥ denotes the complex conjugate transpose of complex A and
A= = (A7H*. We denote by ||A|2 the spectral norm of the matrix A and by ||A|f the
Frobenius norm of A. The vector formed by stacking the columns of the matrix A is denoted
by vec(A), II,,2 is the vec-permutation matrix of size n? x n? such that vec(A”) = I, 2 vec(A)
and A ® B = [a;;B] is the Kronecker product of matrices A and B.

2 Numerical solution of projected generalized Lyapunov
equations

The traditional methods to solve (generalized) Lyapunov equations are (generalized) Bartels-
Stewart and Hammarling methods [2, 9, 14, 15, 19, 39] that are based on the preliminary
reduction of the matrix (matrix pencil) to the (generalized) Schur form [17], calculation of
the solution of a reduced quasi-triangular system and back transformation. In this section we
extend these methods for the projected GCALE (1.2).



2.1 Generalizations of Schur and Bartels-Stewart methods

Let E and A be real square matrices (the complex case is similar). Assume that the pencil
AE — A is regular, i.e., det(AE — A) # 0 for some A € C. Then AE — A can be reduced to the
GUPTRI form

_ (Ef E,\,r (A Ay
EV(O EOO>U, AV(O A )on (2.1)

where matrices V and U are orthogonal, the pencil AEy — Ay is quasi-triangular and has only
finite eigenvalues, while the pencil AE,, — A is triangular and all its eigenvalues are infinite
[11, 12]. Clearly, in this case the matrices E; and A, are nonsingular and E is nilpotent.

To compute the right and left deflating subspaces of AE — A corresponding to the finite
eigenvalues we need to compute matrices Y and Z such that

I —Z\ ([ AEf—A; \E,— A, I Y\ [ AEj— A 0
0 I 0 AEq — Ao 0 1)~ 0 AEoo — A )

This leads to the generalized Sylvester equation

E;Y —ZEy = —E,,

A)Y — ZA = A, (22)

Since the pencils AEy — Ay and AE, — A have no common eigenvalues, equation (2.2) has
a unique solution (Y, Z), e.g., [40]. Then the matrix pencil AE' — A can be reduced by an
equivalence transformation to the Weierstrass canonical form [41], i.e.,

B I z AEf — Ay 0 I =Y\, r
AE_A_V<o I>< 0 )\EOO—AOO><O I>U

B AE; — Af 0
- W( 0 )\EOO—AOO)T’

where the matrices

(1 z (T =Y\, .1
wer (D) wa (17 )

are nonsingular. In this case the spectral projections P, and P, onto the right and left deflating
subspaces of AE — A corresponding to the finite eigenvalues have the form

I 0 I -Y
_ -1 _ T
P.=T <0 O)T—U<0 0 )U, (2.3)
B I ONvr (1 —-Z\ 1
B—W(O 0>W _V<O 0 >V. (2.4)
Assume that the matrix pencil AE — A is c-stable. Setting
X1 X2 T G G2 )
VXV = d UTGU = , 2.5
< Xo1 Xoo ) o ( Ga1 Gao (25)
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we obtain from the GCALE in (1.2) the decoupled system of matrix equations

Ef X1 Af+ AfXnEf = -G, (2.6)
Ef X190 + Aj X19Es = GuY — Ef X1 Ay — A} X1 E,,
ELXnAp+ ALX0E;y = Y'Gy — EEX11Ay — AT X By, (2.8)
El Xop9Aoo + AL X0oE, = —YTG1Y — ETX11A, — ATX 1B, — EL X0, A,
— AL X0\ B, — EF X5 A — ALX 5B (2.9)

Since all eigenvalues of the pencil A\E; — Ay are finite and lie in the open left half-plane, the
GCALE (2.6) has a unique solution X11 [9]. The pencils AEy — Ay and —AE, — A have
no eigenvalues in common and, hence, the generalized Sylvester equations (2.7) and (2.8) are
uniquely solvable [9]. To show that the matrix X2 = —X;;Z satisfies equation (2.7), we
substitute this matrix in (2.7). Taking into account equations (2.2) and (2.6), we obtain

Ef X194 + A} X12Ew = — Ef Xu(AfY + Ay) — AT X011 (EfY + Ey)
— (Ef XuAy + AT XuEp)Y — Ef XA, — AT X1 E,
= GuY - EfXuA, - A X1 E,.

Similarly, it can be verified that the matrix X9 = —Z7 X1 is the solution of (2.8).
Consider now equation (2.9). Substitute the matrices X9 = —X11Z and X9 = 77X
in (2.9). Using (2.2) and (2.6) we obtain

EL Xo0Aoo + AL X090 B, = YTE;}FXH(ZAOO —AsY) + YTATX11(ZEw — EfY)
+ E'X11Z A + ALX 11 ZE — YT G Y

= (EfY + E)TX11ZAx + (AfY + AT X11ZE
= BLZTX11ZAp + AL ZTX11 ZE.

Then
El ( X9y — ZTX112) Ane + AL (X99 — ZTX11Z)Eo = 0. (2.10)

Clearly, X9o = Z7 X117 is the solution of (2.9). Moreover, we have

(M ALY ()
Thus, the matrix
X=V ( _ZX;;(H Z*TJ;}LZZ ) vT (2.11)

is the solution of the projected GCALE (1.2).
In some applications we need the matrix E7 X E rather that the solution X itself [42].
Using (2.1), (2.2) and (2.11) we obtain that
ETXE — U EanEf —E[ XuEfY T
- ~YTETXuE; YTETX1EY '



Remark 2.1 It follows from (2.10) that the general solution of the GCALE

E"XA+ ATXE = —-PTGP, (2.12)
has the form
_ X1 —XuZz T
X=v ( 72X X+ 2TX01Z > Ve,

where X, is the general solution of the homogeneous GCALE
EL XA + AL X Eo = 0.
If we require for the solution X of (2.12) to satisfy X = X P}, then we obtain that X, = 0.

In summary, we have the following algorithm for computing the solution X of the projected
GCALE (1.2).

Algorithm 2.1 Generalized Schur-Bartels-Stewart method for the projected GCALE (1.2).
Input: A real regular pencil A\E — A and a real symmetric matriz G.

Output: A symmetric solution X of the projected GCALE (1.2).

Step 1. Use the GUPTRI algorithm [11, 12] to compute the orthogonal transformation mat-
rices U and V' such that

VIEU = ( Lgf g; ) and  VITAU = ( ‘%f j; ) : (2.13)

where Ey is upper triangular, nonsingular and Eo, is upper triangular with zeros on the
diagonal, Ay is upper quasi-triangular and A is upper triangular, nonsingular.

Step 2. Use the generalized Schur method [26, 27] or the recursive blocked algorithm [22] to
solve the generalized Sylvester equation

E;Y — ZEy = -E,,
A)Y —ZA. = A, (2.14)
Step 3. Compute the matrix
G Giz
UTGU = : 2.15
(G1T2 Gzz) (215)

Step 4. Use the generalized Bartels-Stewart method [2, 89] or the recursive blocked algorithm
[23] to solve the GCALE

EJZ;XHAJC + A;";XHEf = —G11. (216)

Step 5. Compute the matrix

X=V ( X1 ~XnZ ) VT, (2.17)



2.2 Generalizations of Schur and Hammarling methods

In many applications it is necessary to have the Cholesky factor of the solution of the Lyapunov
equation rather than the solution itself, e.g., [36]. An attractive algorithm for computing the
Cholesky factor of the solution of the standard Lyapunov equation with a positive semidefinite
right-hand side is the Hammarling method [19]. In [39] this method has been extended to
the GCALE (1.1) with nonsingular E and positive semidefinite G. We will show that the
Hammarling method can also be used to solve the projected GCALE

ETXA+ ATXE = -PTCTCP,,

X = xP (2.18)

with E, A € R»", C' € RP"". We may assume without loss of generality that C' has full row
rank, i.e., rank(C) = p < n. If the pencil AE — A is c-stable, then the projected GCALE
(2.18) has a unique symmetric, positive semidefinite solution X [43]. In fact, we can compute
the full rank factorization [34] of the solution X = R Rx without constructing X and the
matrix product CTC explicitly.

Let AE — A be in the GUPTRI form (2.1) and let CU = [C}, C2] be partitioned in blocks
conformally to E and A. Then the solution of the projected GCALE (2.18) has the form
(2.11), where the symmetric, positive semidefinite matrix X;; satisfies the GCALE

E?XHAJC + A?XHEf = —C’fCl.

Let Ux,, be a Cholesky factor of the solution X;; = U)T(11 Ux,,. Compute the QR factorization
R
UX11 = Q |: 6(11 :| ’
where @ is orthogonal and Rx,, has full row rank [17]. Then

X = V[_ :|[UX117 _UX11Z]VT

R§ T T
=V B 1l [RXH, —RXHZ]V IRXRX

is the full rank factorization of X, where Rx = [Rx,,, —Rx,;Z] V7 has full row rank.
Thus, we have the following algorithm for computing the full row rank factor of the
solution of the projected GCALE (2.18).

Algorithm 2.2 Generalized Schur-Hammarling method for the projected GCALE (2.18).
Input: A real regular pencil A\E — A and a real matriz C.
Output: A full row rank factor Rx of the solution X = RY Rx of (2.18).
Step 1. Use the GUPTRI algorithm [11, 12] to compute (2.1).
Step 2. Use the generalized Schur method [26, 27] or the recursive blocked algorithm [22] to
compute the solution of the generalized Sylvester equation (2.2).
Step 3. Compute the matriz
CU =[Cy, O9]. (2.19)

Step 4. Use the generalized Hammarling method [19, 39] to compute the Cholesky factor
Ux,, of the solution X171 = U)jgnUX11 of the GCALE

EfXnAj+ AfXnEf = —Cf C1. (2.20)
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Step 5a. Use Householder or Givens transformations [17] to compute the full row rank
matriz Rx,, from the QR-factorization

R
e, = B .

Step 5b. Compute the full row rank factor

Rx = [Rx,,, —Rx,Z]V"T. (2.21)

2.3 Numerical aspects

We will now discuss numerical aspects and computational cost for the algorithms described
in the previous subsections in detail. We focus on Algorithm 2.1 and give a note about the
differences to Algorithm 2.2.

Step 1. The numerical computation of the generalized Schur form of a matrix pencil has
been intensively studied and various methods have been proposed, see [3, 11, 12, 17, 45] and
the references therein. Comparison of the different algorithms can be found in [11].

To deflate the infinite eigenvalues of the matrix pencil AE — A and to reduce this pencil
to the quasi-triangular form (2.13) we use the GUPTRI algorithm [11, 12]. This algorithm
is based on the computation of the infinity-staircase form [44] of AE — A which exposes the
Jordan structure of the infinite eigenvalues, and the QZ decomposition [17] of a subpencil
which gives quasi-triangular blocks with the finite eigenvalues. The GUPTRI algorithm is
numerically backwards stable and requires O(n?) operations [11].

Step 2. To solve the generalized Sylvester equation (2.14) we can use the generalized
Schur method [26, 27]. Note that the pencils AE; — Ay and AEs — Ao are already in
the generalized real Schur form [17], that is, the matrices Ey and E are upper triangular,
whereas the matrices Ay and A, are upper quasi-triangular. Since the infinite eigenvalues of
AEo — A correspond to the zero eigenvalues of the reciprocal pencil Fo, — 1A, we obtain
that A is upper triangular. Let Ay = [Afj]ﬁjzl and Ay = [A?;’]li,jzl be partitioned in blocks
with diagonal blocks A;cj of size 1 x 1 or 2 x 2 and A$; of size 1 x 1. Let Ey = [Ef]ﬁjzl,

ij
k,l k,l k,l k,l
Ex = [E%o]é,j:p E, = [EZ] Ay = [A;L]] Y = [Yij]i,jzl and Z = [Zij] be

,j=1> i,j=1’ ,5=1
partitioned in blocks conformally to Ay and As. Then equation (2.14) is equivalent to the
kl equations

k qg—1
ElYi — ZyEy = —Eq— Y. ELYj +> ZjE% = —Ey, (2.22)
j=t+1 j=1
k q—1
AlYig = 2y A = —Ay— Y ALY+ 245 = - A, (2.23)
j=t+1 J=1
fort=1,...,kand ¢ =1,...,l. The matrices Y;, and Z;; can be computed successively in

a row-wise order beginning with ¢ = k and ¢ = [ from these equations. Since Eg7 = 0, the
1 x 1 or 2 x 1 matrix Y}, can be computed from the linear equation (2.22) of size 1 x 1 or
2 x 2 using Gaussian elimination with partial pivoting [17]. Then from (2.23) we obtain

Zig = (AfyYpq + Aig) (A7) "
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The algorithm for solving the generalized Sylvester equation (2.14) via the generalized Schur
method is available as the LAPACK subroutine “TGSYL [1] and costs 2m?(n—m)+2m(n—m)?
flops [27].

To compute the solution of the quasi-triangular generalized Sylvester equation (2.14) we
can also use the recursive blocked algorithm [22, Algorithm 3]. This algorithm consists in
the recursive splitting equation (2.14) in smaller subproblems that can be solved using the
high-performance kernel solvers. For comparison of the recursive blocked algorithm and the
LAPACK subroutine, see [22].

Step 3 is a matrix multiplication. In fact, in Algorithm 2.1 only the m x m block G11
n (2.15) is needed. Let U = [Uy, Uz ], where the columns of the n x m-matrix U; form the
basis of the right finite deflating subspace of AE — A. Exploiting the symmetry of G, the
computation of G1; = UL GU; requires n?m + 1/2nm? flops. In Algorithm 2.2 we only need
the p x m block C7 in (2.19) which can be computed as C; = CU; in pmn flops.

Step 4. To solve the GCALE (2.16) with nonsingular E; we can use the generalized
Bartels-Stewart method [2, 39]. Let the matrices X1; = [X{j]f;j:l and G11 = [GU]” 1 be
partitioned in blocks conformally to E; and Af. Then equation (2.16) is equivalent to k?
equations

(BT X, AL + (AL)T X}, Ef = —Gyy, tg=1,...k, (2.24)
where
Gy = Z (BT xp4, + (Af)TX B,
=1 1
(i9)2(t0)

t q— q-
T T
= G+ | (ED Sl ) - (e
Jj=1 Jj=1

INT vt INT 5/
¥ Z (DT}, AL, + (4f) "X}, B,
We compute the blocks th in a row-wise order beginning with ¢t = ¢ = 1. Using the column-

wise vector representation of the matrices X éq and G’tq we can rewrite the generalized Sylvester
equation (2.24) as a linear system

(AT @ (BHT + (BT @ (Ah)T) vee(X},) = —vee(Gry) (2.25)

of size 2 x 2, 4 x 4 or 8 x 8. The solution vec(X/,) can be computed by solving (2.25) via
Gaussian elimination with partial pivoting [17].

To compute the Cholesky factor of the solution of the GCALE (2.20) in Algorithm 2.2 we
can use the generalized Hammarling method, see [19, 39] for details.

The solution of the GCALE (2.16) using the generalized Bartels-Stewart method requires
O(m3) flops, while computing the Cholesky factor of the solution of the GCALE (2.20) by
the generalized Hammarling method requires O(m? + pm? + p?m) flops [39].

The generalized Bartels-Stewart method and the generalized Hammarling method are im-
plemented in LAPACK-style subroutines SGO3AD and SGO3BD, respectively, that are available
in the SLICOT Library [5].

The quasi-triangular GCALE (2.16) can be also solved using the recursive blocked algo-
rithm [23, Algorithm 3]. Comparison of this algorithm with the SLICOT subroutines can be
found in [23].



Step 5. The matrix X in (2.17) is computed in O(n3 +m?(n — m) +m(n — m)?) flops.
The computation of the full row rank factor Ry in (2.21) requires O(m3 +m(n —m)r + n?r)
flops with r = rank(X).

Thus, the total computational cost of the generalized Schur-Bartels-Stewart method as
well as the generalized Schur-Hammarling method is estimated as O(n?).

3 Conditioning and condition estimators

In this section we discuss feasible condition numbers and condition estimators for the projected
GCALE (1.2). A condition number for a problem is an important characteristic to measure
the sensitivity of the solution of this problem to perturbations in the original data and to
bound errors in the computed solution. If the condition number is large, then the problem is
ill-conditioned in the sense that small perturbations in the data may lead to large variations
in the solution.

The solution of the projected GCALE (1.2) is determined essentially in two steps that in-
clude first a computation of the deflating subspaces of a pencil corresponding to the finite and
infinite eigenvalues due reduction to the GUPTRI form and solving the generalized Sylvester
equation and then a calculation of the solution of the generalized Lyapunov equation. In such
situation it may happen that although the projected GCALE (1.2) is well-conditioned, one
of intermediate problems may be ill-conditioned. This may lead to large inaccuracy in the
numerical solution of the original problem. In this case we may conclude that either the com-
bined numerical method is unstable or the solution is ill-conditioned, since it is a composition
of two mappings one of which is ill-conditioned. Therefore, along with the conditioning of the
projected GCALE (1.2) we consider the perturbation theory for the deflating subspaces and
the GCALE (1.1) with nonsingular E.

3.1 Conditioning of deflating subspaces and generalized Sylvester
equations

The perturbation analysis for the deflating subspaces of a regular pencil corresponding to the
specified eigenvalues and error bounds are presented in [10, 25, 26, 40, 41]. Here we briefly
review the main results from there.

To compute the right and left deflating subspaces of A — A corresponding to the finite
eigenvalues we have to solve the generalized Sylvester equation (2.2). We define the Sylvester
operator S : Fm2(n—m) _, prm.2(n—m) yiy

S(Y,Z) = (E;Y — ZEn, AjY — ZAs). (3.1)

Using the column-wise vector representation for the matrices Y and Z we can rewrite (2.2)

as a linear system
sl ]-- [ v

where the 2m(n — m) x 2m(n — m)-matrix

g [ In-m® Ey —EL ® I,
T Liem® Ay —AL @1,
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is the matrix representation of the Sylvester operator S. The norm of § induced by the
Frobenius matrix norm is given by

ISllp = sup [[(EfY = ZEo, AsY = ZAco)|r = [|5]l2-
I(v.2)]lr=1

We define the separation of two regular matrix pencils AE; — Ay and AE — A as

Difu = Difu<Ef, Af; EOO,AOO) = ”(Yg)lﬁ L ”(EfY — ZEOO, AfY — ZAoo)HF = Jmin(S),
) F=
where opin(S) is the smallest singular value of S [40]. Note that Dif,(Ex, Aoc; Ef, Af) does
not in general equal Dif, (Ef, Af; Ex, Ax). Therefore, we set

Dify = Dify(Ey, Af; Exo, Axo) = Dify(Eoo, Ace; Ep, Ay).

The values Dif, and Dif; measure how close the spectra of AEy — Ay and AEy, — A are.
In other words, if there is a small perturbation of Ay — Ay and AE,, — Ay such that the
perturbed pencils have a common eigenvalue, then either Dif,, or Dif; is small. However, small
separations do not imply that the corresponding deflating subspaces are ill-conditioned [41].

Important quantities that measure the sensitivity of the right and left deflating subspaces
of the pencil AE — A to perturbations in £ and A are the norms of the spectral projections
P. and P,. If ||Py||2 (or ||Pl2 ) is large then the right (left) deflating subspace of AE' — A
corresponding to the finite eigenvalues is close to the right (left) deflating subspace corres-
ponding to the infinite eigenvalues.

Let the pencil A\E' — A be in the GUPTRI form (2.1) and let the transformation matrices
U= [U, Uy] and V = [V}, V2] be partitioned conformally to the blocks with the finite and
infinite eigenvalues. In this case U = span(U;) and V = span(V;) are the right and left finite
deflating subspaces of A\E— A, respectively, and they have dimension m. Consider a perturbed
matrix pencil A\E' — A = \N(E + AE) — (A+ AA). Let U and V be the right and left finite
deflating subspaces of AE' — A, respectively, and suppose that they have the same dimensions
as U and V. A distance between two subspaces U and U is given by

Omax(U,U) = max min 0(u, @),
uel gey

where 6(u,u) is the acute angle between the vectors u and u. Then one has the following
perturbation bounds for the deflating subspaces of the regular pencil A\E — A.

Theorem 3.1 [10] Suppose that the right and left finite deflating subspaces of a reqular matriz
pencil \E — A and a perturbed pencil \E' — A = A\(E + AE) — (A+ AA) corresponding to the
finite eigenvalues have the same dimensions. If

min(Dif,,, Dif;)

I(AE, AA)||F <
1213 + 1213 + max([| Pill2, [| Pr]l2)

=P,

then

3 [(AE, AX)|p

= pllPl2 = (AE, AA)||p/|| P53 — 1

P15+ VIIP3 — 1
p

tan Opax (U, Z/~l)

IN

I(AE, AA)|[F
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and

I(AE, AA)|F

pllPl2 = [(AE, AA)[py/I P15 — 1
123 + VI P — 1
p

Bounds (3.3) and (3.4) imply that for small enough [|[(AE,AA)|F, the right and left
deflating subspaces of the perturbed pencil AE — A corresponding to the finite eigenvalues
are small perturbations of the corresponding right and left deflating subspaces of A\F — A.
Perturbation ||[(AFE,AA)||F is bounded by p which is small if the separations Dif,, and Dif;
are small or the norms || P||2 and || P, ||2 are large.

Thus, the quantities Dif,,, Difj, ||F||2 and || P,||2 can be used to characterize the condi-
tioning of the right and left deflating subspaces of the pencil AE — A corresponding to the
finite eigenvalues.

From representations (2.3) and (2.4) for the spectral projections P, and P, we have

[Pl =T+ 1YI3, [Pz =/1+1Z]3, (3.5)

where (Y, Z) is the solution of the generalized Sylvester equation (2.2). We see that the norms
of Y and Z also characterize the sensitivity of the deflating subspaces. It follows from (3.2)
that

tan Opax (V, 17)

< [[(AE,AA)|r

1Y, 2)ll7 < Dify [[(Eu, Au) . (3.6)

This estimate gives a connection between the separation Dif, and the norm of the solution of
the generalized Sylvester equation (2.2).

The perturbation analysis, condition numbers and error bounds for the generalized Syl-
vester equation are presented in [24, 27]. Consider a perturbed generalized Sylvester equation

(Ef + AEp)Y — Z(Eoo + AEx) = —(Bu+ AE), (37)
(Ar+AAf)Y —Z(A + AAy) = —(Au+ AE,), '
where the perturbations are measured norm-wise by
AEs AA
e WABRAA e OB Mole JOBuBMle ) g
o gl

with o = ||[(Ef, Af)||F, B = |[(Ex, Axo)||F and v = ||(Euy, Au)|| 7. Then one has the following
first order relative perturbation bound for the solution of the generalized Sylvester equation
(2.2).

Theorem 3.2 [2/] Let the perturbations in (3.7) satisfy (3.8). Assume that both the gene-
ralized Sylvester equations (2.2) and (3.7) are uniquely solvable. Then

I7.2) - (V. 2)le _ g5 IS~ Ml

<V3e , (3.9)
1Y, 2)|| 1Y, 2)llr
where the matriz Mg of size 2m(n —m) x 2(n? — nm + m?) has the form
[Bs 0
Ms = [ 0 Bs }

with Bs = [a(YT @ In), —BIn-m ® Z), Vpnm—m)]-

11



The number
IS M52

& [
T, 2) ||k

is called the structured condition number for the generalized Sylvester equation (2.2). Bound
(3.9) shows that the relative error in the solution of the perturbed equation (3.7) is small if
a4t 1s not too large, i.e., if the problem is well-conditioned.

From (3.9) we obtain an other relative error bound

(Y, 2) - (Y, 2)
IY; Z)l[ ¢

(a+0) |V, 2)|lr +~
1Y, 2)||

Ie V3 eDif; !

that, in general, is worse than (3.9), since it does not take account of the special structure of
perturbations in the generalized Sylvester equation [24].

Define the condition number for the generalized Sylvester equation (2.2) induced by the
Frobenius norm as

1/2 o
wer i= (I(Ep, AplF + 1(Boo, Ac)lI3) DI

Then applying the standard linear system perturbation analysis [17] to (3.2) we have the
following relative perturbation bounds.

Theorem 3.3 [27] Suppose that the generalized Sylvester equation (2.2) has a unique solution
(Y, Z). Let the perturbations in (3.7) satisfy (3.8). If eaer < 1, then the perturbed generalized
Sylvester equation (3.7) has a unique solution (Y, Z) and

IV, 2) = (¥, 2)|r _ e(zrl|(Y 2)lle + [[(Bu, Au)llr) _ 2€2p (3.10)
1Y, 2)llr — (1 —eap)|[(Y,2)|lr T l-cxp '

Note that both the bounds in (3.10) may overestimate the true relative error in the
solution, since they do not take into account the structured perturbations in the matrix S.
Nevertheless, quantities Dif,, !and @ are used in practice to characterize the conditioning
of the generalized Sylvester equation (2.2).

The computation of Dif, = omin(S) is expensive even for modest m and n — m, since the
cost of computing the smallest singular value of the matrix S is O(m?(n—m)3) flops. It is more
useful to compute lower bounds for Dif,, 1 see [26, 27] for details. The Frobenius norm based
Dif,, Lestimator can be computed by solving one generalized Sylvester equation in triangular
form and costs 2m?(n — m) + 2m(n — m)? flops. The one-norm based estimator is a factor
3 to 10 times more expensive and it does not differ more than a factor y/2m(n —m) from
Dif; ! [26]. Computing both the Dif, -estimators is implemented in the LAPACK subroutine
_TGSEN [1].

3.2 Condition numbers for the generalized Lyapunov equations

The perturbation theory and some useful condition numbers for the standard Lyapunov equa-
tions were presented in [16, 20, 21], see also the references therein. The case of the generalized
Lyapunov equations with nonsingular £ was considered in [31, 32]. In this subsection we re-
view some results from there.

12



Consider the GCALE (1.1). Equation (1.1) is called regular if the matrix E is nonsingular
and \; + Xj # 0 for all eigenvalues A\; and A; of the pencil AE' — A. Clearly, the regular
GCALE (1.1) has a unique solution X for every G, see [9].

Define the continuous-time Lyapunov operator L : F™™ — F™™ via,

L(X):=E*XA+ A*XE. (3.11)

Then the GCALE (1.1) can be rewritten in the operator form £(X) = —G or as a linear
system
Lx = —g, (3.12)

where z = vec(X), g = vec(G) and the n? x n?-matrix
L=FET® A"+ AT @ E* (3.13)

is the matrix representation of the Lyapunov operator L.
The norm of £ induced by the Frobenius matrix norm is computed via

I£llF = sup [[E*XA+ A"XE|r = |L2.
X1l P=1

Analogously to the Sylvester equation, an important quantity in the sensitivity analysis for
Lyapunov equations is a separation defined for the GCALE (1.1) by

Sep(E,A) = inf ||E"XA+A"XE||r = owin(L).
s

where opin(L) is the smallest singular value of L, see [14]. If the GCALE (1.1) is regular,
then the Lyapunov operator L is invertible and the matrix L is nonsingular. The norm of the
inverse £~! induced by the Frobenius norm can be computed as

I£7HF = L7 ]2 = Sep™(E, A).

Consider now a perturbed GCALE

(E+AE)*X(A+AA) + (A+ AA)*X(E + AE) = —(G + AG), (3.14)
where
|AE|p <eF, |AAllp <er, (3.15)
IAG|F < ep, (AG)* = AG. :

Using the equivalent formulation (3.12) for the GCALE (1.1) we have the following norm-wise
perturbation estimate for the solution of (1.1) in the real case, see [32] for the complex case.

Theorem 3.4 [32] Let E, A, G € R™" and let G be symmetric. Assume that the GCALE
(1.1) is regqular. Let the absolute perturbations in the GCALE (3.14) satisfy (3.15). If

er (g +1a+2epSep M (E, A)) < 1,
then the perturbed GCALE (3.14) is regqular and the norm-wise absolute perturbation bound

V3ep|| L™ M|z + 2% Sep™ (B, A)[|X]|2

3.16
1—ep(lg+1a+2epSep (B, A)) (3.16)

IX - X|p <
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holds, where

My = [(hep +T2) (I @ (ATX)) (e +Te) (I @ (ETX)), L |,
g = ||L7 (L2 +1L2) (I, ® AT) ||,
b= [[E7 (L + 1) (1 @ BT)],
The number
Kst(E, A) = w

is called the structured condition number for the GCALE (1.1). Bound (3.16) shows that
if ket(E,A), Sep~*(E, A), Ig and I4 are not too large, then the solution of the perturbed
GCALE (3.14) is a small perturbation of the solution of (1.1). Note that bound (3.16) is
asymptotically sharp.

We define the condition number for the GCALE (1.1) induced by the Frobenius norm as

ki (B, A) = 2| Ella| AllsSep™ (B, A). (3.17)

Applying the standard linear system perturbation analysis [17] to the linear system (3.12)
and taking into account that ||G|l2 < 2||E||2||A||2]| X || F, we obtain the following Frobenius
norm based relative perturbation bounds.

Theorem 3.5 Suppose that the GCALE (1.1) is reqular. Let the perturbations in (3.14)
satisfy ||AE]ly < el|[Ell2, [|AAl2 < e]|All2 and [AG2 < e||Glla- If (2 + e)rr(E, A) <1,
then the perturbed GCALE (3.14) is regular and

I - Xllp (2 + Dmp(E, AX|lr + el GllaSep™ (B, A)
Xl = (1 —e+e)sr(E,A))IX|r
e(B+¢e)kp(E,A)
1—e(2+e)kp(E,A)

(3.18)

It should be noted that bounds (3.18) may overestimate the true relative error, since
they do not take account of the specific structure of perturbations in (3.14). In the case of
symmetric perturbations in GG, sharp sensitivity estimates for general Lyapunov operators can
be derived by using so-called Lyapunov singular values instead of standard singular values,
see [31, 32] for details. Note that for the Lyapunov operator £ as in (3.11), the Lyapunov
singular values are equal to the standard singular values.

Let X be an approximate solution of the GCALE (1.1) and let

R:= E*XA+ A*XE + G (3.19)

be a residual of (1.1) corresponding to X. Then from Theorem 3.5 we obtain the following
forward error bound

12]|

<kp(E,A
< rr(EA) LTI,

=: Estp. (3.20)
This bound shows that for well-conditioned problems, the small relative residual implies a

small error in the approximate solution X. However, if the condition number kp(E, A) is
large, then X may be inaccurate even for the small residual.

14



It follows from bounds (3.18) and (3.20) that kr(E,A) and Sep(E,A) = omin(L) can
be used as a measure of the sensitivity of the solution of the regular GCALE (1.1). Since
computing the smallest singular value of the n? x n?-matrix L is not acceptable for modest
n, it is more useful to compute estimates for Sep !(E, A). A Sep l-estimator based on
the one-norm differs from Sep!(FE, A) at most by a factor n. Computing this estimator is
implemented in the LAPACK subroutine LACON [1] and costs O(n?) flops.

Unfortunately, if the matrix E is singular, then Sep(E, A) = 0 and kp(E, A) = co. In this
case we can not use (3.17) as the condition number for the projected GCALE (1.2).

In [16, 20] condition numbers based on the spectral norm have been used as a measure of
sensitivity of the standard Lyapunov equations. In the following subsections we extend this
idea to the projected GCALE (1.2).

3.3 Conditioning of the projected generalized Lyapunov equations

Assume that the pencil A — A is c-stable. Let H be an Hermitian, positive semidefinite
solution of the projected GCALE

E*HA+ A*HE = —P*P,,

H—Hp, (3.21)

The matrix H has the form

1 oo
H= o /_Oo(igE — A)T*PrP.(i€E — A)lde.

Consider a linear operator £~ : F™"™ — F™" defined as follows: for a matrix GG, the image
X = —L£7(G) is the unique solution of the projected GCALE (1.2). Note that the operator
L~ is a (2)-pseudoinverse [8] of the Lyapunov operator L since it satisfies L~LL™ = L.

Lemma 3.6 Let \E' — A be c-stable. Then ||L7||2 = || H|2-

PROOF. Let u and v be the left and right singular vectors of unit length corresponding to
the largest singular value of the solution X of the projected GCALE (1.2) with some matrix
G. Then

1 > . ko . _
6@l = Xl =uXo= o [ w(iE - A)TFIGRGEE - A) g

—0o0

1 ° . _ . -
< 5G| PR — )l |PutieE - A) ol .

Using the Cauchy-Schwarz inequality [28] we obtain

1
2

=

1 [0.@] [e.9]
L@ < 5-lG / |1P(i€B = A)Hull; de / |Po(i€B - A)Hol; de
1 OOOO — OO
< NGl |55 | (B - A7 PPGEE - A)7 de|| = [Glal H]
. :

Hence, [|[L7 |2 < || H]|2.
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On the other hand, we have

1£702 = sup [£7(=G)ll2 = [£7(=Dll2 = [[H][2-

IGll2=1
Thus, |[£7|l2 = [ H]]2. O

Note that if F is nonsingular, then £~ = £~! is the inverse of the Lyapunov operator £
and [|£71 2 = [|H]|2.
We define the spectral condition number for the projected GCALE (1.2) as

ko (E, A) == 2||E|2||All2l[ H |2 (3.22)
We have
1< ||P |5 = |PfPll2 = |[E*HA + A*HE|2 < 2||E||2|| All2l| H||2 = r2(E, A).

The matrix H and the parameter ko (F, A) are closely related to the analysis of the asymptotic
behavior of solutions of the differential-algebraic equation

Eix(t) = Ax(t). (3.23)
It has been shown in [42] that

[ee]
|E*HE|2 = max / o (t)2dt,
||P7'550H:1 0

i.e., the norm of the matrix £*HE is the square of the maximum Lo-norm of the solution
x(t) of equation (3.23) with the initial condition x(0) = P,xo. Moreover, for this solution the
pointwise estimate

lz(®)l| < Va2 (B, A ELI(EP, + A = )~ Hlp e~ 141/ U1Fl2e2EAD| Py |

holds. These results are an extension of the known connection between the solution of the
standard Lyapunov equation (E = I) and the asymptotic behavior of the dynamical system
x(t) = Ax(t), see [16, 20].

Consider a perturbed pencil \E — A = \(E + AE) — (A+ AA) with ||AE||; < ¢||E||, and
IAA|2 < ¢||All2. Assume that the right and left deflating subspaces of AE' — A corresponding
to the infinite eigenvalues are not changed under perturbations, i.e.,

ker P, = ker ﬁr, ker P = ker ﬁl, (3.24)

where P and Pl are the spectral projections onto the right and left finite deflating subspaces
of the pencil AE—A. In this case \E— A and A\E— A have the right and left deflating subspaces
corresponding to the finite eigenvalues of the same dimension. Such a restriction is motivated
by applications, e.g., in the stability analysis for descriptor systems [7]. Moreover, we will
assume for such allowable perturbations that we have an error bound | P, — P, |2 < K with
some constant K (for such estimate for the pencil AE — A of index one, see [42]). This estimate
implies that the right deflating subspace of the perturbed pencil AE—A corresponding to the
finite eigenvalues is close to the corresponding right deflating subspace of AE — A.
Consider now the perturbed projected GCALE

E*XA+ A'XE=-P'GP,, X=XBP. (3.25)

The following theorem gives a relative error bound for the solution of (1.2).
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Theorem 3.7 Let \E — A be c-stable and let X be a solution of the projected GCALE (1.2).
Consider a perturbed pencil \E — A = M\(E 4+ AE) — (A + AA) with |AE|s < ¢|E||2 and
|AAlly < e||Alls. Assume that for the spectral projections P and ﬁl onto the right and
left deflating subspaces corresponding to the finite eigenvalues of \E — A relations (3.24)
are satisfied and a bound ||P, — P,||y < eK < 1 holds with some constant K. Let G be a
perturbation of G such that ||AG|l2 < €||G|l2. If €(2 + €)ka(E, A) < 1, then the perturbed
projected GCALE (3.25) has a unique solution X and

€< (K + [ Prll2) (K + |12 [[2) |Gz + 3||E|!2||A||2HXH2> r2(E, A)

X — X2 (3.26)
X2~ I E]2l|All2[[ X]2(1 — (2 + €)r2(E, A))
PRrROOF. It follows from (3.24) that
ﬁrPr:ﬁra Prf)r:Pm f)l-Pl:f)lv -Plﬁl:-Pl (327)

The perturbed GCALE in (3.25) can be rewritten as
E*XA+ A*XE = — (ﬁ:éé + /C(f()) :

where K(X) = (AE)*XA + E*XAA+ (AA)*XE 4+ A*XAE. Using (2.1) and (2.2) we can
verify that P,E = P EP, = FP, and P,A = P AP, = AP,. Analogous relations hold for the
perturbed pencil AE — A. Then by (3.27) we obtain that X=XP =XPP =XP and

XE=XPE=XEP, = XP,EP,P, = XEP,,

XE =XPBE = XEP, = XPEP,P, = XEP,.
These relationships remain valid if we replace ' by A and E by A. In this case we obtain

PGP, + K(X) = P (ﬁ:éé + /C(f()) P =P (ﬁ:éé + /C(f()) B. (3.28)
Then the perturbed projected GCALE (3.25) is equivalent to the projected GCALE
E*XA+ A*XE = P (ﬁ:éﬁr + /C()?)) P, X=XP,

Since the pencil AE — A is c-stable, this equation has a unique solution given by

X = % /OO (i€E — A) P} (ﬁ:éﬁ + /C()?)) P (igE — A)~dg. (3.29)

—0o0

Thus, we have an integral equation X = Z(X) for the unknown matrix X, where

I(X) = % /_OO (i€E — A)™*P* (ﬁ:éﬁ + /C(f()) P.(i€E — A)"lde.

From

IK(X)llz < 2(|AEl|2]| Allz + | AAl) Ell2) | X |2 < 2(2 + €)1 El|2ll All2]1 X 12
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we obtain for any matrices X; and X, that

IZ(X1) — Z(X2) |2

N

H— (IEE — A)T*PK(X, — Xo) P (i€E — A)™! dgH
(X1 — X2)H [Hl2 < e(2+e)ra(E, A)[[ X1 — Xolf2.

Since (2+¢)k2(E, A) < 1, the operator 7 (Z) is contractive. Then by the fixed point theorem
[28] the equation X = Z(X) has a unique solution X and we can estimate the error

o0

1

I1X — X|l2 — / (i€E — A)~*P? (ﬁ:éé +K(X) - P;kGP,,) P (i€E — A)~t dg

2

—0 9

< (IPrGP = PEGP 2 + K(X)2) | H L2
Taking into account that

|P:GP: = PGPa < (1B = Prll2(IGllal Prll2 + [Prl2lGl2) + [ P2l G = Gllal| ]2
< (K +|B2)((1+ ) K + |[Pr]l2) + €K1 Prl2) |Gl
<

2 (eK + [|1Prll2) (K + [|1Pr[2) |Gl

and |K(X) |2 < 262+ )| E|l2]|All2(| X ||2 + || X — X||2) we obtain the relative perturbation
bound (3.26). O

Bound (3.26) shows that if ko(E, A), K and || P,||2 are not too large, then the solution of
the perturbed projected GCALE (3.25) is a small perturbation of the solution of the projected
GCALE (1.2).

From Theorem 3.7 we can obtain some useful consequences.

Corollary 3.8 Under the assumptions of Theorem 3.7 we have that if G is Hermitian, posi-
tive definite and if

2¢ (2(1+ 2¢) (e K + || Prl2)? + 1) 52(E, A)[|Gl2 < Amin(G), (3.30)

where Amin (G) is the smallest eigenvalue of the matriz G, then the perturbed pencil AE — A
is c-stable and the following relative perturbation bound
|ka(E, A) — ra(E, A)| o 38 (K(K +2|[Prl2) + ro(E, A) +1)
ko(E, A) - 1—¢e(24¢)ra(E,A)

(3.31)

holds.

PROOF. First we will show that the matrix P*G P, 4+ K (X) is positive definite on the subspace
im P,.. For all nonzero z € im P,, we have

((P*GP, + K(X))z,2) = ((P*(G+ AG)P, + P*K(X)P,)z,2)

> (@) — KDz - [5G 1Bz 3

Suppose now that P,z = 0. Then we obtain from (3.27) that z € ker P,, but z € im P, and
z # 0. Hence, P,z # 0. From (3.29) it follows that

1Rl < NPEICIH s (14 ) (K + 1Pl |Glal Hlla

T 1—-e(24+¢e)ra(EA) T 1—e(2+¢)ra(E, A) (3.33)
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Then taking into account estimate (3.30) we get

~ £ (2(1+2e)(eK + [|Pr]|2)? + 1) k2(E, A)||G|l2
)l + IAG]: < i@ (B

< /\min(G)-

Thus, ((P*GP, + K(X))z,z) > 0 for all nonzero z € im Py, i.c., the matrix P*GP, + K(X)
is positive definite on the subspace im P,.. Consequently, the matrix X is positive definite on
im P, and positive semidefinite. Moreover, it follows from (3.30) that the matrix G is positive
definite. We have that the positive semidefinite matrix X satisfies the projected GCALE
(3.25) with positive definite G. In this case the pencil AE — A is c-stable, see [43].

From the proof of Theorem 3.7 with G = G = I we have that

e (K(eK +2[|Prll2) + (2 + €)ra(E, A)) [ H]2

H—H|s <
| o= 1— (2 +e)ra(E, A)

where H is the solution of the perturbed projected GCALE (3.25) with G = I. Then

ro(E,A) = ko(E, A)| =2 ) IEl20Alll Hl2 = B2l All2] H |2

IN

2 <||E|!2||A||2HH — Hll2 + [[E - E[[[All2lHll2 + [ Ell2]A - A||2||H||2)

3era(E, A) (K(K +2||P]|2) + k2(E, A) + 1)
- 1—¢e(2+¢)ra(E,A) '

a

Furthermore, from the proof of Theorem 3.7 for JBT = P, = I we obtain the following
perturbation bound for the solution of the regular GCALE (1.1).

Corollary 3.9 Let G be Hermitian and positive definite. Assume that the GCALE (1.1) is
regular. Let AE, AA be perturbations of \E — A such that ||AE||2 < ¢||El|2, ||AAl2 < ¢]| 4|2
and let AG be a perturbation of G with ||AG|l2 < ¢||Gll2. Ife(2+¢)ka(E,A) < 1, then the
perturbed GCALE (8.14) is reqular and the relative error bound

IX —Xll2 _ e+ e)m(E, A)
IX[a = 1—c(2+e)ra(E, A)

(3.34)

holds.

Note that bound (3.34) can be also obtained directly by applying the linear operator
perturbation theory [29] to the regular GCALE (1.1) in the operator form £(X) = —G.

If X is an approximate solution of the GCALE (1.1) and if R is a residual given by (3.19),
then from Corollary 3.9 with AE =0, AA =0 and AG = R we obtain the following forward
error bound N

X — Xl [1R]]2
X2 2[| B2l All2l| X2

Bounds (3.34) and (3.35) show that ko (E, A) just as kp(E, A) may also be used to measure
the sensitivity of the solution of the regular GCALE (1.1). From the relationship

< K2(E7A)

=: Ests. (3.35)

1, _ _
ﬁllﬁ He < II£7HF < vl L7t l2
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we obtain that the Frobenius norm based condition number kg (F, A) does not differ more than
a factor \/n from the spectral condition number ko(E, A). Thus, ko(FE, A) may be used as an
estimator of kp(E, A). Note that to compute one-norm or Frobenius norm based estimators of
kr(E, A) we need to solve around five generalized Lyapunov equations E*X A+ A*XFE = -G
and EXA*+ AXE* = —@, see [1, 21], whereas the computation of ko(F, A) requires solving
only one additional generalized Lyapunov equation E*X A + A*XFE = —1.

4 Numerical experiments

In this section we present the results of several numerical experiments. Computations were
carried out on IBM RS 6000 44P Modell 270 with relative machine precision EPS ~ 2.22-10716.

Example 4.1 [39] The matrices E and A are defined as

E = I,+27tU,,
A (2=t — 1)1, + diag(1,2,...,n) + UL,

where U, is the n X n matrix with unit entries below the diagonal and all other entries zero.
Note that E is nonsingular. The matrix G is defined so that a true solution X of (1.1) is the
matrix of all ones.

In Figure 1(a) we compare the spectral condition number k2(E, A) and the Frobenius
norm based condition number kp(E, A). We see that ka(E, A) is a factor 2-8 smaller than
kp(E, A) and the problem becomes ill-conditioned as the parameter ¢ increases. Figure 1(b)
shows the relative errors in the spectral and Frobenius norms

_ X = Xlo _ X - X]r
RERR2 = , RERRF = ,

X |2 1 Xl
where X is an approximate solution of (1.1) computed by the generalized Bartels-Stewart
method. As expected from the perturbation theory, the accuracy of X may get worse as the
condition numbers are large, while the relative residuals

EF*XA+ A*XE+G E*XA+ A*XE+G
I + + G2 and RRESF:H + +Gllr

RRES2 = )
2| Ell2[|All2][X |2 2| Ell2[|All2[[ X |7

shown in Figure 2(a), remain small.

Figure 2(b) shows the ratios RERR2/E'sto and RERRF/Estp between the relative errors and
the computed residual based error estimates given by (3.20) and (3.35). One can see that the
estimate in the spectral norm is sharper than the estimate in the Frobenius norm.

Example 4.2 Consider a family of projected GCALEs with

_ Is D(Ns—I3) T _ J (Is—J)D T
E—V<0 Ny >U, A=V 0 Iy u-,

_ Gun  —GuD T
G= U( -DG11 DG11D )U ’
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|og10(Dw;1)

Figure 3: Conditioning of the generalized Sylvester equation (a) and the regular generalized
Lyapunov equation (b)

where N3 is the nilpotent Jordan block of order 3,

J = diag(—107F, —2, =3 x 10%), k>0,
D = diag(10~%, 1, 10%), 5> 0,
G11 = diag(2, 4, 6)

The transformation matrices V' and U are elementary reflections chosen as

1
V o= Ig— geeT, e=(1,1,1,1,1, DT,

1

U = 16—§ffT, f=01,-1,1,-1,1,-1)7,

The exact solution of the projected GCALE (1.1) is given by

_ X1 -X1D T
X = V< ~DXy;; DXyD > v

with X1; = diag(10*, 1, 107%). The problem becomes ill-conditioned when k and s increase.

In Figure 3 we show the values of Dif,! and ||Hyi||2 as functions of k and s. Here Hiy
is the solution of the regular GCALE EfHy Ay + AfHi1Ef = —I,,. Note that in this
example ||Hiills = Sep ' (E, Ay). We see that the condition numbers of the generalized
Sylvester equation (2.14) and the regular GCALE (2.16) are independent of s and increase
for magnifying k.

In Figure 4 we show the values of || H |2 and the condition number k2(E, A) of the projected
GCALE (1.1) for the same values of k¥ and s. When k and s are increased then the condition
number ka(E, A) increases more quickly than ||H||2. Finally, Figure 5(a) shows the relative
error RERR = || X — X|2/||X||2, where X is the computed solution, and Figure 5(b) shows the
relative residual . . . .
|IETXA+ ATXE + PTGP,|2

2[|Ell2l|All2 [ X1l2 ’

RRES =
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Figure 5: Relative error (a) and relative residual (a).

where P, is the computed projection onto the right deflating subspace of the pencil AE — A
corresponding to the finite eigenvalues. We see that the relative residual is small even for the
ill-conditioned problem. However, this does not imply that the relative error in the computed
solution remains close to zero when the condition number k2(E, A) is large. The relative error
in X increases as Ko (E, A) grows. Moreover, the computed solution may be inaccurate, if one
of intermediate problems is ill-conditioned.

Acknowledgement: The author would like to thank V. Mehrmann for helpful discussions
and also B. Kagstrom for providing the GUPTRI routine written by J.W. Demmel and himself.
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